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Abstract 

It is well known that the concept of a point charge interacting with the electromag- 
netic (EM) field has a problem. To address that problem we introduce the concept 
of wave- corpuscle to describe spinless elementary charges interacting with the classical 
EM field. Every charge interacts only with the EM field and is described by a complex 
valued wave function over the 4-dimensional space time continuum. A system of many 
charges interacting with the EM field is defined by a local, gauge and Lorentz invariant 
Lagrangian with a key ingredient - a nonlinear self-interaction term providing for a 
cohesive force assigned to every charge. An ideal wave-corpuscle is an exact solution 
to the Euler-Lagrange equations describing both free and accelerated motions. It car- 
ries explicitly features of a point charge and the de Broglie wave. A system of well 
separated charges moving with nonrelativistic velocities are represented accurately as 
wave-corpuscles governed by the Newton equations of motion for point charges interact- 
ing with the Lorentz forces. In this regime the nonlinearities are "stealthy" and don't 
show explicitly anywhere, but they provide for the binding forces that keep localized 
every individual charge. 
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1 Introduction 



We all know from textbooks that if there is a point charge q of a mass m in an external 
electromagnetic (EM) field its non-relativistic dynamics is governed by the equation 



dt 



[mv (t)] = q 



E(r(i),i) + -v(t)xB(r(t),t) 



(1.0.1) 



where r and v 



r are respectively the charge's time-dependent position and velocity, 
E (t, r) and B (t, r) are the electric field and the magnetic induction, and the right-hand side 
of the equation fll.O.ip is the Lorentz force. We also know that if the charge's time-dependent 
position and velocity are r and v then there is associated with them an EM field described 
by the equations 

1 <9B 

-— + VxE = 0, V • B = 0, (1.0.2) 
c at 



-?-VxB = -— q6 (x - r (t)) v (t) , V ■ E = Anqd (x - r (t)) , v (t) 
c at c 



r(t), (1.0.3) 



where 5 is the Dirac delta-function. But if naturally we would like to consider the equation 
(11.0.11) and fll.0.2l) - fll.0.3p as a closed system "charge-EM field" there is a problem. The 
origin of the problems is in the divergence of the EM field exactly at the position of the point 
charge, as, for instance, for the electrostatic field E with the Coulomb's potential j^z^ with 
a singularity at x = r. If f ll.O.ip is replaced by a relativistic equation 



dt 



[ymv (t)] = q 



E(r(t),t) + -v(t) xB(r(t),t) 



(1-0.4) 



where 7 = 1/ a/1 — v 2 (t) /c 2 is the Lorentz factor, the system constituted by (jl. 0.4ft and 
fll.0.2p - fll.0.3p becomes Lorentz invariant and has a Lagrangian that yields it via the varia- 
tional principle [Barut, (4.21)], |Spohn (2.36)], but the problem still persists. Some studies 
indicate that, [Ya ghjianT] , "a fully consistent classical equation of motion for a point charge, 
unlike that of an extended charge, does not exist". If one wants to stay within the classi- 
cal theory of electromagnetism a possible remedy is the introduction of an extended charge 
which, though very small, is not a point. There are two most well known models for such 
an extended charge: the Abraham rigid charge model and the Lorentz relativistically co- 
variant model. These models are considered, studied and advanced in [Jackson} Sections 16], 
[Pear lei j . |Rohrlich| Sections 2, 6], [Sc hwinger] , |Spohn| , |Yaghjian] . Importantly for what we 
do here, Poincare suggested in 1905-1906, [Poincare] (see also [Jacksont Sections 16.4-16.6], 
[Rohrlichj Sections 2.3, 6.1- 6.3], [Pauli RT| Section 63], |Schwinger , Yaghjian Section 4.2] 
and references there in), to add to the Lorentz- Abraham model non-electromagnetic cohesive 
forces which balance the charge internal repulsive electromagnetic forces and remarkably re- 
store also the covariance of the entire model. W. Pauli argues very convincingly based on 
the relativity principle in [Pauli RT] Section 63] the necessity to introduce for the electron 
an energy of non-electromagnetic origin. 

An alternative approach to deal with the above-mentioned divergences goes back to G. 
Mie who proposed to modify the Maxwell equations making them nonlinear, [Pauli RT] 
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Section 64], |Weyl STM Section 26], and a particular example of the Mie approach is the 



Born-Infeld theory, |Born Infeld 1] . M. Kiessling showed that, |Kiessling 1| , "a relativis- 
tic Hamilton- Jacobi type law of point charge motion can be consistently coupled with the 
nonlinear Maxwell-Born-Infeld field equations to obtain a well-defined relativistic classical 
electrodynamics with point charges" . 

A substantially different approach to elementary charges was pursued by E. Schrodinger 
who tried to develop a concept of wavepacket as a model for spatially localized charge. The 
Schrodinger wave theory, |Schrodinger ColP ap], was inspired by de Broglie ideas, |de Broglie 2 



[Barut[ Section II. 1]. The theory was very successful in describing quantum phenomena in 
the hydrogen atom, but it had great difficulties in treating the elementary charge as the ma- 
terial wave as it moves and interacts with other elementary charges. M. Born commented on 
this, |Bornlt Chapter IV. 7]: "To begin with, Schrodinger attempted to interpret corpuscles 
and particularly electrons, as wave packets. Although his formulae are entirely correct, his 
interpretation cannot be maintained, since on the one hand, as we have already explained 
above, the wave packets must in course of time become dissipated, and on the other hand the 
description of the interaction of two electrons as a collision of two wave packets in ordinary 
three-dimensional space lands us in grave difficulties." 

We develop here a concept of wave-corpuscle, which is understood as a spatially localized 
excitation in a dispersive medium, and which is to substitute for the point charge concept. 
Our approach to a spatially distributed but localized elementary charge has some features 
in common with the above discussed concepts of extended charge, but it differs from any 
of them substantially. In particular, our approach provides for an electromagnetic theory in 
which (i) a "bare" elementary charge and the EM field described by the Maxwell equations 
form an inseparable entity; (ii) every elementary "bare" charge interacts directly only with 
the EM field; (iii) the EM field is a single entity providing for the interaction between "bare" 
elementary charges insuring the maximum speed of interaction not to ever exceed the speed 
of light. To emphasize the inseparability of the "bare" elementary charge from the EM field 
we refer to their entity as to dressed charge. 

The best way to describe our concept of a spatially distributed but localized dressed 
charge in one word is by the name wave-corpuscle, since it is a stable localized excitation 
of a dispersive medium propagating in the three-dimensional space. An instructive example 
of a wave- corpuscle is furnished by our nonrelativistic charge model. In that model, in the 
simplest case, an ideal wave- corpuscle is described by a complex- valued wave function ip of 
the form 



ip = ip (t, x) = exp 



h 



P(i ). x -/pi^ di < 



V>(|x-r(i)|), (1.0.5) 



where ip (s), s > 0, is a non negative, monotonically decaying function which vanishes at 
infinity at a sufficiently fast rate. Importantly, for the above wave function ip to be an exact 
solution of corresponding field equations, the parameters r (t) and p (t) satisfy the Newton's 
equations which in this simplest case have the form 

m^± = qE cx , p(t)=m^, (1.0.6) 

where m and q are respectively its mass and the charge and E ex (t) is an external homogeneous 
electric field. We would like to emphasize that the Newton's equations are not postulated 
as in (11.0. ip or fll.0.4p but rather are derived from the field equations. The ideal wave- 
corpuscle wave function ip (t, x) defined by U.U.5\) . M.U.b}) together with the corresponding 
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EM field forms an exact solution to the relevant Euler-Lagrange field equations describing 
an accelerating dressed charge. The point charge momentum p (t) turns out to be exactly 
equal to the total momentum of the charge as a wave-corpuscle and its electromagnetic field. 
Remarkably the point charge features appear in the phase and amplitude of the ideal wave- 
corpuscle in a transparent and direct way without any limit process. The wave- corpuscle is 
a material wave, the quantity q\ip (t,x)\ 2 corresponds to the charge density and the density 
\ip(t,x)\ 2 is not given a probabilistic interpretation. The wave- corpuscle provides we believe 
an alternative resolution to the wave-particle duality problem. In one word our theory can be 
characterized as neo-classical as suggested by Michael Kiessling. 



2 Sketch of the wave- corpuscle mechanics 

We describe a bare single elementary charge by a complex-valued scalar field ip = ip {x) = 
ip {t, x), where x = (t, x) e M 4 is the space-time variable. The charge is coupled at all times 
with the classical EM field as described by its potentials = (ip, A) related to the EM field 
by the standard formulas 



E = -Vy? - -d t A, B = V x A, 

c 



(2.0.7) 



where c is the speed of light. The dynamics of the system of a single charge and the EM field 
is described via its Lagrangian 



2m 



1 



d t ip 



Vip + -d t A 

c 



2 



-kJM 2 -G(W) 



(v x Ay 



(2.0.8) 



where dt and V are the covariant differentiation operators defined by 



d t = d t + — , V 

X 



d t 



X ' 



~ * 

V =v + 



igA 

X c '' 



(2.0.9) 



m > is the charge mass, x > is a constant similar to the Planck constant h = and it 
might be dependent on the charge; q is the total charge of the particle. 

Let us take a closer look at the components of the Lagrangian (I2.0.8p . It involves constants 
k,q, c, x an d Tn and, acting similarly to the case of the Klein-Gordon equation for a relativistic 
particle (see |Pauli PWM| Sections 1, 18, 19] and Section Hl.lOp . we introduce a fundamental 
frequency uq relating it to the above constants by the following formulas 



, k = — 



X 



mc 
X ' 



(2.0.10) 



A key component of the Lagrangian in (12.0.81) is a real- valued nonlinear function G (s), s > 0, 
providing for the charge cohesive self-interaction. The second part of the expression (I2.0.8P is 
the standard Lagrangian of the EM field coupled to the charge via the covariant derivatives. 
Observe that the Lagrangian L defined by (I2.0.8l) - (l2.0.9p is manifestly (i) local; (ii) Lorentz 
and gauge invariant, and (iii) it has a local nonlinear term providing for a cohesive self- force 
similar to the Poincare force for the Lorentz-Poincare model of an extended charge. 
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Since a single charge is coupled at all times to the EM field we always deal with the system 
"charge-EM field", {if), if)*, A^}, and call it for short dressed charge. The dressed charge 
motion is governed by the relevant Euler-Lagrange field equations (see (I3.0.6p . (I3.0.7P ). and 
when the charge is at rest in the origin x = it is described by the fields 

^(t,x) = e-^(|x|), ^(t,x) = £(|x|), A(t,x) = 0, (2.0.11) 

where iff is the complex conjugate to if) and the real valued functions if) and <p satisfy the 
following system of equations 

-A<£ = 4vrp, p = q(l- ^] ft, (2.0.12) 

-A^ + ^$q (2 - + a ( \i)\ 2 ) i) = 0. (2.0.13) 



X V mc z y 

where A = V 2 is Laplace operator. We refer to the state of the dressed charge of the form 
(12.0. lip as UQ-static. The functions if) and 5p in the above formulas are instrumental for our 
constructions and we refer to them respectively as the charge form factor and form factor 
potential. Using Green's function to solve equation (12.0. 12[) we see that the charge form factor 
if) determines the Coulomb-like potential 5p = (p^ by the formula 

£ = fy = 47rg(-A + ^^ 2 ) tf. (2.0.14) 

Consequently, plugging the above expression into the equation (12.0. 13[) we get the following 
nonlinear equation 

- A-0 + — (2 - ^) i) + G' (|^| 2 ) °if) = 0. (2.0.15) 



X V mc 

The above equation (12.0. 151) signifies a complete balance of the three forces acting upon 
the resting charge: (i) internal elastic deformation force associated with the term — Ai/>; (ii) 

charge's electromagnetic self-interaction force associated with the term (2q — -^z-^j if>\ 

(iii) internal nonlinear self- interaction of the charge associated with the term G' (\if)\ 2 ^J ip . In 

what follows we refer to the equation ( I2.0.15|) as charge equilibrium equation. Importantly, the 
static charge equilibrium equation ( 12.0. 15)) establishes an explicit relation between the form 
factor if) and the self-interaction nonlinearity G. Hence being given the form factor if) we can 
find from the equilibrium equation ( 12.0. 151) the self-interaction nonlinearity G which exactly 
produces this factor under an assumption that if) (r), r > 0, is a nonnegative, monotonically 
decaying and sufficiently smooth function. The later is a key feature of our approach: it allows 
to choose the form factor if) and then to determine matching self-interaction nonlinearity G 
rather than to deal with solving a nontrivial nonlinear partial differential equation. 

Thus, to summarize an important point of our method: we pick the form factor if) and then 
the nonlinear self interaction function G is determined based on a physically sound ground: 
the charge equilibrium equation \2. 0. 15]) . Needless to say that under this approach the non- 
linearity G is not expected to be a simple polynomial function but rather a function with 
properties that ought to be established. Then having fixed the nonlinear self-interaction G 
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based on the charge equilibrium equation (I2.0.15[) the challenge is to figure out the dynamics 
of the charge as it interacts with other charges or is acted upon by an external EM field and 
hence accelerates. The nonlinear self-interaction G evidently brings into the charge model 
non-electromagnetic forces, the necessity of which for a consistent relativistic electromagnetic 
theory was argued convincingly by W. Pauli in |Pauli RTl Section 63]. It is worth to point out 
that the nonlinearity G introduced via the charge equilibrium equation (12.0. 1 5j) differs signif- 
icantly from nonlinearities considered in similar problems in literature including attempts to 
introduce nonlinearity in the quantum mechanics, [B ialynicki] , [Holland) . Weinberg] . Impor- 



tant features of our nonlinearity include: (i) the boundedness of its derivative G' (s) for s > 
with consequent boundedness from below of the wave energy; (ii) non analytic behavior for 
small s that is for small wave amplitudes. 

We would like to mention that an idea to use concept of a solitary wave in nonlinear 
dispersive media for modelling wave-particles was quite popular. Luis de Broglie tried to use 
it in his pursuit of the material wave mechanics. G. Lochak wrote in his preface to the de 
Broglie's monog raph, |de Broglie 2] page XXXIX]: "...The first idea concerns the solitons, 



which we would call ondes a bosses (humped waves) at the Institut Henri Poincare. This 
idea of de Broglie's used to be considered as obsolete and too classical, but it is now quite well 
known, as I mentioned above, and is likely to be developed in the future, but only provided 
we realize what the obstacle is and has been for twenty-five years: It resides in the lack of 
a general principle in the name of which we would be able to choose one nonlinear wave 
equation from among the infinity of possible equations. If we succeed one day in finding such 
an equation, a new microphysics will arise." G. Lochak raised an interesting point of the 
necessity of a general principle that would allow to choose one nonlinearity among infinitely 
many. We agree to G. Lochak to the extend that there has to be an important physical 
principle that would allow to choose the nonlinearity but whether it has to be unique is 
different matter. In our approach such a principle is the exact balance of all forces for the 
resting dressed charge via the static charge equilibrium equation (12.0. 15j) . As to a possibility 
of spatially localized excitations such as wave-packets to maintain their basic properties when 



propagate in a dispersive medium with a nonlinearity we refer to our work |Babin Figoin 1 
Babin Figotin 3] . 



The gauge invariance of the Lagrangian L allows us to introduce in a standard fashion 
the microcharge density p and the microcurrent density J by 

p = -^-i faty'V - VdtA , J = — i (vW - . (2.0.16) 

2mc V / 2m V / 

They satisfy the conservation (continuity) equation 

d t p + V-J = 0, (2.0.17) 
and, consequently, the total charge is conserved: 

p (t, x) dx = const. (2.0.18) 



For the fundamental pair >{ ifi, <!p f the corresponding microcharge density defined by (12.0. 16[) 
turns into 



? = p(|x|) = g(l-»]f(|x|). (2.0.19) 



mc 2 



2 
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Note that equation (12.0.121) turns into the classical equation for the Coulomb's potential if 

p is replaced by q8 (x) where delta function has standard property j 8 (x) dx = 1. Since 

we want p to behave as Coulomb's electrostatic potential at large distances and q to be the 
charge, we introduce the following charge normalization condition imposed on the form factor 



, -*(W)U 2 (|x|)dx 



1. 



(2.0.20) 



Notice that we introduced the above terms microcharge and microcurrent densities to em- 
phasize their relation to the internal structure of elementary charges and the difference from 
commonly used charge and the current densities as macroscopic quantities. It is worth notic- 
ing though that if it comes to the interaction with the electromagnetic field the "micro" 
charges and microcurrents densities behave exactly the same way as the macroscopic charges 
and densities, but microcharges are also subjects to the internal elastic and nonlinear self- 
interaction forces of non-electromagnetic nature. 



2.1 Energy considerations 

Let us denote by So (ip, A^ 1 ) the energy of the dressed charge {ip, A^} derived from the La- 
grangian Lq. We found that for the fundamental pair |^,<^| the energy So can be written 
in the following form 



£ {ip,p 



2 



mc 2 + £'(V>), 



(2.1.1) 



X 
2m 



Vip -V^ 



8tt 



dx, 



where we use the relation <p = p^ from (12.0.141) to emphasize an important fact that the 

above energy So is a functional of ip and the model constants only. We refer to the energy 

£'q {ip^j defined in (I2.1.ip as the relative energy. The significance of the representation (I2.1.ip 

for the energy So is in the fact that it does not explicitly involve the nonlinear self-interaction 
G. 

Applying to the energy So the Einstein principle of equivalence of mass and energy, namely 



E 



mc 



|Pauli RT"t Section 41], we define the dressed charge 



mass m 



equality 



^o[ip) — mc2 = rh (ip) c 2 . 



rh lip) by the 



(2.1.2) 



Combining the relation (12.1.21) with (I2.1.ip we readily obtain 



m) c 



)c> = s' Q U 



2m Sir 



dx. 



(2.1.3) 



We also want the fundamental frequency uq to satisfy the Einstein relation So = huo, which 
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would determine ujq as a function of ip, constants c, m, q and, importantly, x> namely 

SJA =hu Q U,x\, or (2.1.4) 



u = u (if), xj 




dx 



2m r r 8tt 

Then to be consistent with the earlier relation (12.0. 101) we have to set the value of x so that 

X^o (i ) ,x) = mc 2 , (2.1.5) 



which, in view of the representation (12.1.41) for loo yip, xj > is equivalent to the requirement 
for x — X (jf) to be a positive solution to the following cubic equation 

X { C 2X 2 + c i} — where (2.1.6) 
c 2 = / W>* ■ V^dx, d = 1 - / dx, 

where in view of defining it equation (12.0. 12p . depends only on ip and constants c, m, q. 
Note also that we can choose ip independently of Xi an d then determine G. Notice that cubic 
equation (12.1.61) always has a positive solution, and if, in addition to that, we know that 
Ci > 0, then the left-hand side of the equation (12.1.61) is a monotonically increasing function 
for x > implying that the solution is unique. 

In the case of a generic form factor ip the relative energy £' Q yipj does not necessarily have 

to vanish and, in view of the formula ( 12.1. 3ft . the mass fh may be different from m. Then, as 
it follows from the relation (|2,l,2p - (|2.1.6jl The very same relations also readily imply 

that 

X = h if fh = m. (2-1-7) 

For a number of reasons, mainly for the perfect agreement between the relativistic energy- 
momentum and its nonrelativistic approximation constructed below, it is attractive to have 
fh = m implying also, in view of (I2.1.7p . x — fi>- The question though is if that is possible. 
The answer is affirmative and the equality fh = m of the two masses can be achieved as 
follows. We introduce for the form factor its size representation involving size parameter a 
and normalization constant C: 

{s) = ^ a (s) = (£) , a > 0, s > 0, (2.1.8) 

where the function %p l (|x|) satisfies the normalization condition 

/ ^(|x|)dx = l. (2.1.9) 

We consider then values of C and a in the representation (I2.1.8p . (I2.1.9P that satisfy two 
conditions: (i) the charge normalization condition (I2.0.20p . namely 
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and the energy normalization condition 

£o (to) =0- (2.1.11) 

We provide arguments in Subsection 17.21 based on the smallness of the Sommerfeld fine 
structure constant showing that there exist such C, a = ao for which both the normalization 
conditions (12.1.101) and (12.1.111) can hold. In view of (I2.1.ip and (I2.1.7P the above equality 
implies 

£ (^p ao J = rnc 2 and rh = m, x = h. (2.1.12) 

In other words, the requirement rh = m fixes the charge size a = ao as well as the constant \ = 
H, the magnitude of ao is of the same order as Bohr's radius. One might ask if it is necessary 
to require the exact equality rh = ml For a good agreement between the relativistic energy- 
momentum and its nonrelativistic approximation constructed below it would be sufficient for 
m — m to be small enough rather than zero. For this reason and because of the scope of this 
paper we decided not to impose here the exact mass equality m = m leaving this decision 
for future work. So from now on we assume that the value of the constant x t° be set by 
equations H2.1.5\) . 112.1.6}) . 



2.2 Moving free charge 

Using the Lorentz invariance of the system we can obtain, as it is often done, a representation 
for the dressed charge moving with a constant velocity v simply by applying to the rest 
solution (12.0.111) the Lorentz transformation from the original "rest frame" to the frame in 
which the "rest frame" moves with the constant velocity v as described by the formulas 
(jll.l.Sp . (111.4.121) (so x' and x correspond, respectively, to the "rest" and "moving" frames). 
Namely, introducing 

P = - c , 0=\(3\, 7 = (l-(^) 2 ) ^ (2- 2 - 1 ) 

we obtain the following representation for the dressed charge moving with velocity v 

^(t,x)=e- i ^- k ' x ^(x / ), ^(t,x)= 7 ^(|x'|), A (i,x) = -yf3ip (|x'|) , (2.2.2) 
y — 1 

x' = x + -L-p- (/3 • x ) /3 - jvt, or xj, = 7 (xy - vt) , x' ± = x ± , (2.2.3) 

u = 7Wo , k = 7 /3^, (2.2.4) 
c 

where xn and x^ refer, respectively, to the components of x parallel and perpendicular to 
the velocity v, with the fields given by 

E (t, x) = -7V£ (|x'|) + (/3 ■ (|x'|)) (3, B (t, x) = 7^ x (|x'|) . (2.2.5) 

7 + 1 

The above formulas (which provide a solution to the field equations (13.0.61) . ( 13. 0.7ft indicate 
that the fields of the dressed charge contract by the factor 7 as it moves with the velocity 
v compared to their rest state. The first oscillatory exponential factor in ( 12.2. ip is the de 
Broglie plane wave of frequency to = u (k) and a wave- vector k, satisfying 

cu 2 — c 2 k 2 = Uq, x^o — rnc 2 . (2.2.6) 
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Based on the Lagrangian Lq we found the symmetric energy-momentum tensor, which shows 
that the dressed charge moving with a constant velocity v and described by f l2.2.1l) - (l2.2.3p 
has energy E and momentum P, which satisfy the Einstein-de Broglie relations 

E = hw, P = hk. (2.2.7) 

In addition to that, the charge velocity v and its de Broglie wave vector k satisfy the following 
relation 

v = V k u;(k), (2.2.8) 

signifying that the velocity v of the dressed charge is the group velocity of the linear medium 
with the dispersion relation (I2.2.6p . 

The second factor in the formula f!2.2.2|) for tp involves the form factor ip(r), r > 0, 
which is a monotonically decreasing function of r decaying at infinity. For such a form factor 
the form factor potential <p (r) decays at infinity as the Coulomb's potential as it follows 
from (I2.0.14p . i.e. ip (r) ~ qr^ 1 for large r. Consequently, the dressed charge moving with 
constant velocity v as described by equations fl 2 . 2 . 2 [) - ( 12 . 2 . 3 j) remains well localized and does 
not disperse in the space at all times justifying its characterization as a wave-corpuscle. 



2.3 Nonrelativistic approximation for the charge in an external 
EM field 



Our nonrelativistic Lagrangian for a single charge in external EM field with potentials 
<y? ex , A ex has the form 

.2 - l"-i2 



L (ip,ij;*,<f) 



X- 
— i 



X 

2m 



in 



(2.3.1) 



where 



d t = dt + =*r V = V - 

X 



igA c: 

Xc 



a* 



X 



v + 



igA c: 

Xc 



V = V + Ve 



(2.3.2) 



Derivation of (12.3. ip from relativistic Lagrangian (I2.0.8P is discussed in Section [71 For 
simplicity, we consider at first the case where an external magnetic field vanishes, A ex = 0. 
The field equations for this case take the form 



WW -q(<p + Vcx ) ip = —jf— [Aip - G' {rip) ^} 

2m 

—Aip = 4:7iqipip* , where G' (s) = d s G, 



(2.3.3) 
(2.3.4) 



and we refer to the pair {ip, ip} as dressed charge. Recall that ip* is complex conjugate to ip. 

Let us consider now the case of resting charge with no external EM field described by a 
static time independent solution to the equations fl2.3.3p - fl2.3.4l) . These equations under the 
assumption E ex (t) = turn into the following rest charge equations for a static state, as 
described by time independent real- valued radial functions ip = ip (|x|) and <p = <p (|x|): 



—Aip = 4nq 

. ° 2m ° 
-Aip + —q<ptp + G 
X 



■P 



■P 



tp = 0. 



(2.3.5) 
(2.3.6) 
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The quantities if) and <p are fundamental for our theory and we refer to them, respectively, as 
form factor and form factor potential. In view of the equation (12.3. 5|) the charge form factor 
ip determines the form factor potential <f by the formula 

^|x|) = Mix|) = W p^\ d y> ( 2 - 3 - 7 ) 

Jr3 |y - x| 

and if we plug in the above expression into equation (I2.3.6p . we get the following nonlinear 
equation 

- A</> + + G'( i = 0. (2.3.8) 

The equation ( 12.3.81) signifies a complete balance of the three forces acting upon the rest- 
ing charge: (i) internal elastic deformation force associated with the term — Aip; (ii) the 
charge's electromagnetic self-interaction force associated with the term ^fft^'ip; (iii) internal 



nonlinear self-interaction of the charge associated with the term G' 



x 

2 



ip. We refer to 



the equation (I2.3.8p . which establishes an explicit relation between the form factor ip and 
the self-interaction nonlinearity G, as the charge equilibrium equation. Hence, being given 
the form factor ip we can find from the equilibrium equation fl 2 . 3 . 8 1) the self-interaction non- 
linearity G which exactly produces this factor under the assumption that ip(r), r > is 
a nonnegative, monotonically decaying and sufficiently smooth function. Thus, we pick the 
form factor ip, and then the nonlinear self interaction function G is determined based on the 
charge equilibrium equation Ii2.3.8\) . One of the advantages of determining G in terms of ip is 
that we more often use properties of ip in our analysis rather than properties of G. Note that 
after the nonlinearity G is determined, it is fixed forever, and while solutions of equations 
(12. 3. 31) - 02. 3. 4p may evolve in time, they do not need to coincide with {^,<^}. Details and 
examples of the construction of the nonlinear self-interaction function G based on the form 
factor are provided in the following sections. 

The 4-microcurrent density J M related to the Lagrangian L is 

j» = (c P , j) , p = qw*, j = ^ m*r - = — im ^ h 2 , (2.3.9) 

and it satisfies the conservation/continuity equations 

d u J u = 0, d t p + V • J = 0. (2.3.10) 

For the fundamental pair {ip, the corresponding microcharge density defined by f 1 2 . 3 . 9 j) 
turns into 



p = p(Jx|) = q 



(|x|). (2.3.11) 



The charge normalization condition (12.0. 20p which, in particular, ensures that <p (|x|) is close 
to the Coulomb's potential with the charge q for large |x| now takes the simpler form 

ij 2 (|x|) dx = 1. (2.3.12) 

Interestingly the momentum and the current densities of the dressed charge derived from Lq 
are identical up to a factor namely 

P = ^ J = y [^V*ip* - ip*Vijj] =x!m^H 2 . (2.3.13) 
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It turns out that the field equations (I2.3.3j) - (12.3.4[) have a closed form solution in terms of 

(i) the static dressed charge state j?/>, </? j satisfying ( I2.3.5p - (l2.3.6p and (ii) the basic quantities 

related to the point charge of mass m moving in external homogeneous electric field E cx (t) 
with the electric potential ip ex (i, x) = y2g X (t) — E cx (t) ■ x. Indeed, let r, v, p, L p (v,r), s p 
and Hp (p, r, t) be, respectively, the point charge position, velocity, momentum, Lagrangian, 
action and Hamiltonian satisfying the following familiar relations: 

2 

77W 

ip(v,r,f) = — -<«v(f,x), (2.3.14) 



2 



P 

with point charge equations of motion 



H P (P, r, t) = — + g<^ ex (t, r) , p = my, 



dr dp d 2 r 

v = — , — = gE ex (t) or equivalently ™>-^p = <?E ex - (2.3.15) 

One can recognize in the expression gE ex (t) in (12.3. 151) the Lorentz force due the external 
electric field E ex (t). We refer to L p (v, r) and the equations (12.3.151) respectively as the 
complementary point charge Lagrangian and the equations of motion. 

Then the field equations fj2.3.3)) - fj2.3.4j) have the following closed form solution 

rp = </>(£, x) =e i5/ ^(|x-r|), S = p- (x-r) + s p , (2.3.16) 
(p(t,x) = £„(|x-r|), 

where in view of relations f !2.3.14[) ip can be also represented as 

i> = e iS/x ^ (|x - r|) , S = p • x - jf ^ df - gjf ^ (0 (2.3.17) 

A similar exact solution is given for the class of EM fields with non-zero, spatially constant 
magnetic field B cx (t) . Of course, in latter case the Lorentz force involves B ex as in ( 11.0. ip (see 
Section 1531 for details). Looking at the exact solution ( 12.3. 16ft . ( 12.3. 17ft to the field equations 
that describes the accelerating charge we would like to acknowledge the truly remarkable 
simplicity and transparency of the relations between the two concepts of the charge: charge as 
a field {ij), ip} in (12.3. 16[) . (12.3. 17j) and charge as a point described by equations (I2.3.14p and 
(12.3. 151) . Indeed, the wave amplitude ip (|x — r (t)|) in (12.3.161) is a soliton-like field moving 
exactly as the point charge described by its position r(i). The exponential factor e lS ^ x is 
just a plane wave with the phase S that depends only on the point charge position r and 
momentum p and a time dependent gauge term, and it does not depend on the nonlinear 
self-interaction. The phase S has a term in which we readily recognize the de Broglie wave- 
vector k (t) described exactly in terms of the point charge quantities, namely 

X k(t) = p(t)=mv(t). (2.3.18) 

Notice that the dispersion relation u = u (k) of the linear kinetic part of the field equations 
( EfflD for V is 

%k 2 %k 
oj (k) = — — , implying that the group velocity Vk^ (k) = — . (2.3.19) 
2m m 
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Combining the expression ( I2.3.19[) for the group velocity Vk^ (k) with the expression ( 12.3. 18j) 
for wave vector k (t) we establish another exact relation, namely 

v(t) = Vkw(k(*)), (2.3.20) 

signifying the equality between the point charge velocity v (t) and the group velocity V^u (k (£)) 
at the de Broglie wave vector k(£). Using the relations (I2.3.9P and (12.3. 13p we readily ob- 
tain the following representations for the micro-charge, the micro-current and momentum 
densities 

p (t, x) = # 2 (|x-r(t)|), J (t, x) = gv (t) ft (|x - r (t)\) , (2.3.21) 

TYl ° 2 

P(t,x) = -J(t,x) = p(*)V (|x-r(t)|). (2.3.22) 

We also found that the total dressed charge field momentum P (t) and the total current J (t) 
for the solution (12.3. 16p are expressed exactly in terms of point charge quantities, namely 

p (t) = —J (t) = / ^ Im ^ | V| 2 dx = p (t) = mv (t) . (2.3.23) 
q J R3 m ip 

To summarize the above analysis we may state that even when the charge accelerates 
it perfectly combines the properties of a wave and a corpuscle, justifying the name wave- 
corpuscle mechanics. Its wave nature shows, in particular, in the de Broglie exponential 
factor and the equality (I2.3.20p . indicating the wave origin the charge motion. The corpuscle 
properties are manifested in the factor t/> (|x — r (t)\) and soliton like propagation with r (t) 
satisfying the classical point charge evolution equation (12.3. 15[) . Importantly, the introduced 
nonlinearities are stealthy in the sense that they don't show in the dynamics and kinematics 
of what appears to be soliton-like waves propagating like classical test point charges. 

2.4 Many interacting charges 

A qualitatively new physical phenomenon in the theory of two or more charges compared with 
the theory of a single charge is obviously the interaction between them. In our approach any 
individual "bare" charge interacts directly only with the EM field and consequently different 
charges interact with each other only indirectly through the EM field. We develop the 
theory for many interacting charges for both the relativistic and nonrelativistic cases, and 
in this section we provide key elements of the nonrelativistic theory. The primary focus of 
our studies on many charges is the correspondence between our wave theory and the point 
charge mechanics in the regime of remote interaction when the charges are separated by large 
distances compared to their sizes. 

Studies of charge interactions at short distances are not within the scope of this paper, 
though our approach allows to study short distance interactions and we provide as an example 
the hydrogen atom model in Section [HJ The main purpose of that exercise is to show a 
similarity between our and Schrodinger's hydrogen atom models and to contrast it to any 
kind of Kepler's model. Another point we can make based on our hydrogen atom model is 
that our theory does provide a basis for a regime of close interaction between two charges 
which differs significantly from the regime of remote interaction, which is the primary focus 
of this paper. 
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Let us consider a system of N charges described by complex-valued fields ip e , £ — 1, ■ ■ ■ , N. 
The system's nonrelativistic Lagrangian £ is constructed based on individual charge La- 
grangians L of the form (I2.3.ip - (I2.3.2I) and an assumption that every charge interacts di- 
rectly only with the EM field, including the external one with potentials <p ex (t, x), A cx (t, x), 
namely 

C = yL e + 1 ^, where (2.4.1) 



8vr 

2 



^*df^ - ^afy*] - y~ ■ vV* + G e (v>V) } 
d* t = d t + iqe{ip + ^\ v = v iqA - 



X XC 

The nonlinear self-interaction terms G in ( 12.4. lft are determined through the charge equilib- 
rium equation (12.3.81) . and they can be the same for different £, or there may be several types 
of charges, for instance, protons and electrons. The field equations for this Lagrangian are 

+5 «( P+Pai )/ + «^ + K]'(|/f)/, 

N 



-VV = 4vr^g^|^| ,£ = 1,...,N. 



=i 



and if) * is complex conjugate of i/> . Obviously, the equations with different £ are coupled 
only through the potential (p which is responsible for the charge interaction. The Lagrangian 
£ is gauge invariant with respect to the first and the second gauge transformations (lll.7.6p . 
(111.7. 7p . and consequently every £-th charge has a conserved current 

satisfying the conservation/continuity equations 

2 ( Vlp 1 I «i2 I , ^ 1 2 



<V + V- J £ = or tt/^I^I + V- ^xlm— y- |V | - -^A ex |^| J = 0. (2.4.4) 

The differential form ( 12.4.41) of the charge conservation implies the conservation of every total 
£-th charge, and we require every total £-th conserved charge to be exactly q e , rather than 
just any constant, implying the following charge normalization conditions 

|^| 2 dx =1, t > 0, £=1, N. (2.4.5) 
We attribute to every £-th charge its potential (p e by the formula 

in \ tf Kl 2 (*>y) a m a «\ 

</(t,x) = <f/ J-j-! — dy. (2.4.6) 

7r3 y — x 
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Hence we can write the equation for if in (I2.4.2P in the form 



N 



1=1 



An analysis of the system of the charges energy-momentum and its partition between individ- 
ual charges shows another important property of the Lagrangian: the charge gauge invariant 
momentum density P 1 equals exactly the microcurrent density 3 e multiplied by the constant 
m </q, namely: 



rrt_ t _ ix 
q* J " 2 



Vip e q e A ex \ , .,2 . . . 

Xlm— V , 2.4.8 

^ c J 



that can be viewed as the momentum density kinematic representation: 

P e (t, x) = mv f (t, x) , where v e (t, x) = 3 e (t, x) /q e is the velocity density. (2.4.9) 

To quantify the conditions of the remote interaction we make use of the explicit depen- 
dence on the size parameter a of the nonlinearity G e = G e a as in ( 14.4.13)) and take the size 
parameter as a spatial scale characterizing sizes of the fields ip a and <p e a . The charges sepa- 
ration is measured roughly by a minimal distance -R m i n between any two charges. Another 
relevant spatial scale R ex measures a typical scale of spatial inhomogeneity of external fields 
near charges. Consequently, conditions of remote interaction are measured by the dimension- 
less ratio a/R where the characteristic spatial scale R = min (R m i n , R ex ) with the condition 
a/R^l to define the regime of remote interaction. 

Next we would like to take a look on how the point charge mechanics is manifested in our 
wave mechanics governed by the Lagrangian C. There are two distinct ways to correspond 
our field theory to the classical point charge mechanics in the case when all charges are well 
separated satisfying the condition a/R 1. The first way is via averaged quantities in the 
spirit of the well known in quantum mechanics Ehrenfest Theorem, |Schiff| Sections 7, 23], 
and the second one via a construction of approximate solutions to the field equations (12 .4.2)) 
when every charge is represented as wave-corpuscle similar to one from (12.3.161) . 

We construct the correspondence to the point charges mechanics via averaged quantities 
by defining first the £-th charge location r £ a (t) and its potential (p l a by the relations 

r e (t)=ri(t)= [ x|<(t,x)| 2 dx, <fi(t,x)=<f[ 'f ^ dy. (2.4.10) 
jr3 j R s \y — x| 

Then, for the start, we consider a simpler case when the external magnetic field vanishes, 
i.e. A ex = 0, and introduce a potential ip ex a describing the interaction of i-th. charge with all 
other charges: 

¥l,a = V + Vex - ¥>l = ^ X + J2 Va- (2-4.11) 

In this case, based on the momentum balance equation for every £-th charge combined 
with the momentum density kinematic representation ( 12.4.7)) . (12.4.8)) and the representation 
( 12. 4. lip , we obtain the following exact equations of motion 

ml % = ~ //Kfv</ eXi0 dx, i = l,...,N, (2.4.12) 
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where we recognize in the integrand the Lorentz force density exerted on the £-ih charge by 
other charges and the external field. Suppose now that fields ip e a (t, x) are localized about 
point r e a (t) with the localization radius of the order a and observe that the normalization 
(12.4.51) combined with the localization implies that 



|V/(t,x)| 2 ^<5(x-r£(t)), a^O, implying r< (t) = lim / a (f) . (2.4.13) 

a— »0 

The relations (12.4. 10p and (12.4.131) imply consequently 

ip e a (t, x) -> (p e = | — ^-—r as a ->■ 0, and (2.4.14) 



x - Tn 



ei 

</4,0 X ) = Vex (*, X) + ^ 9 

^ | X r W| 



Then combining relations ( 12.4. 10ft . ( 12.4. 13[) we can pass in (12.4. 12ft to the limit a — > 0, 
obtaining Newton's equations of motion for the system of N point charges 

m^(t) = VV< G (rJ(t),t), i = l,...,^ (2.4.15) 

where in the right-hand side of equation (12.4. 15j) we see the Lorentz force acting on the £- 
th point charge interacting with other charges via the point charges Coulomb's potentials 

AMU- 

In the case when the external magnetic field potential A ex (t, x) does not vanish, based 
on the exact equations of motion similar to (12.4. 12[) we establish that in the limit as a — > 
the following point charges equation of motion hold: 

m t^i = ft fi = q e E t + ^< xB t J=1} _ N (2.4.16) 
at 2 c at 

with the Lorentz force f involving electric and magnetic fields defined by the classical for- 
mulas: 



B e = VxA cx (t,/ ). (2.4.17) 



Obviously, the above force f e coincides with the Lorentz force acting on a point charge as in 
(11.0. II) . To summarize our first way of correspondence, we observe that the exact equations of 
motion (12.4. 12p form a basis for relating the field and point mechanics under an assumption 
that charge fields remain localized during time interval of interest. Notice the equations 
of motion \2.J^.12^ do not involve the nonlinear interaction terms G e in an explicit way 



justifying their characterization as "stealthy" in the regime of remote interactions. As to the 
assumption that the charge fields remain localized, it has to be verified based on the field 
equations (12.4.21) where the nonlinear interaction terms G provide for cohesive forces for 
individual charges. The fact that they can do just that is demonstrated for a single charge 
represented as wave-corpuscle (12 . 3 . 16[) - (12 . 3 . 1 71) as it accelerates in an external EM field. 

The second way of correspondence between the charges as fields and points is based on 
established by us fact that all charge fields ip a can be represented as wave-corpuscles (12.3. 16[) - 
(12.3. 17p which, though do not satisfy the field equations (I2.4.2p exactly, but they satisfy them 
with small discrepancies in the regime of remote interaction when a/R 1. More detailed 
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presentation of that idea is as follows. Consider for simplicity a simpler case when A ex = 
and introduce the following wave- corpuscle representation similar to (12.3. 16j) - (I2.3. : 

H (t, x) = ef* V (|x - v £ \) , d (t, x) = Cp l (x - r<) , where (2.4.18) 

/t 12 ft i I 

^ d* - (f, 4) dt>, = m^, (2.4.19) 

and the position functions r e (t) satisfy the Newton's equations of motion (12.4.161) . It turns 
out that wave-corpuscles {ip a , <p £ a } defined by (12.4.181) . (12.4. 19[) and the complementary point 
charge Newton's equations of motion (I2.4.16P solve the field equations (12.4.21) with a small 
discrepancy which approaches zero as a/R approaches zero. The point charge mechanics 
features are transparently integrated into the fields {ipai^i} i n (12.4. 18j) . (12.4. 19[) via the de 
Broglie factor phases S and spatial shifts r e . Comparing with the motion of a single charge 
in an external field we observe that now the acceleration of the wave-corpuscle center Yq (t) 
is determined not only by the Lorentz force due to the external field but also by electric 

interactions with the remaining charges ip > % 7^ t according to the Coulomb's law (12.4.141) . 
(12.4.161) . 

We would like to point out that when analyzing the system of charges in the regime 
of remote interaction we do not use any specific form of the nonlinearities. Note also that 
solutions to the field equations (I2.4.2[) depend on the size parameter a, which is proportional 
to the radius of the wave- corpuscle, through the nonlinearity G e a , but the integral equations 
(12.4. 12p do not involve explicit dependence on a. Equation f 1 2 . 4 . 1 8 [) which describes the 

structure of the wave- corpuscle involves a only through radial shape factors ip = ip a and 

through the electric potential $r = (p a . The dependence of Tp a on a is explicitly singular 
at zero, as that is expected since in the singular limit a — > the wave-corpuscle should 
turn into the point charge with the square of amplitude described by a delta function as in 
(11.0.31) . Nevertheless, for arbitrary small a > the wave-corpuscle structure of every charge 
is preserved including its principal wave-vector. The dependence of <p a on small a can be 
described as a regular convergence to the classical singular Coulomb's potential, see (14.6.91) 
for details. That allows to apply representation ( I2.4.18[) to arbitrary small charges with 
radius proportional to a without compromising the accuracy of the description and, in fact, 
increasing the accuracy as a — > 0. 

2.5 Comparative summary with the Schrodinger wave mechanics 

The nonrelativistic version of our wave mechanics has many features in common with the 
Schrodinger wave mechanics. In particular, the charges wave functions are complex valued, 
they satisfy equations resembling the Schrodinger equation, the charge normalization condi- 
tion is the same as in the Schrodinger wave mechanics. Our theory provides for a hydrogen 
atom model which has a lot in common with that of the Schrodinger one, but its detailed 
study is outside of the scope of this article. There are features of our wave theory though 
that distinguish it significantly from the Schrodinger wave mechanics, and they are listed 
below. 

• Charges are always coupled with and inseparable from the EM field. 

• Every charge has a nonlinear self-interaction term in its Lagrangian providing for a 
cohesive force holding it together as it moves freely or accelerates. 
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• A single charge either free or in external EM field is described by a soliton-like wave 
function parametrized by the position and the momentum related to the corresponding 
point mechanics. It propagates in the space without dispersion even when it accelerates, 
and this addresses one of the above mentioned "grave difficulties" with the Schrodinger's 
interpretation of the wave function expressed by M. Born. 

• When dressed charges are separated by distances considerably larger than their sizes 
their wave functions and the corresponding EM fields maintain soliton-like representa- 
tion. 

• The correspondence between the wave mechanics and a point mechanics comes through 
the closed form soliton-like representation of wave functions in which point mechanics 
positions and momenta enter as parameters. In particular, the wave function represen- 
tation includes the de Broglie wave vector as an exact parameter, it equals (up to the 
Planck constant) the point mechanics momentum. In addition to that, the correspond- 
ing group velocity matches exactly the velocity of a soliton-like solution and the point 
mechanics velocity. 

• In the case of many interacting charges every charge is described by its own wave 
function over the same three dimensional space in contrast to the Schrodinger wave 
mechanics for many charges requiring multidimensional configuration space. 

• Our theory has a relativistic version based on a local, gauge and Lorentz invariant 
Lagrangian with most of the above listed features. 



3 Single free relativistic charge 

A single free charge is described by a complex scalar field ip — ip (t, x) and it is coupled to the 
EM field described by its 4-potential N 1 = (tp, A). To emphasize the fact that our charge is 
always coupled with the EM field we name the pair {ijj, A 11 } dressed charge. So whenever we 
use the term dressed charge we mean the charge and the EM field as an inseparable entity. 
The dressed charge is called free if there are no external forces acting upon it. The free charge 
Lagrangian is defined by the following formula 

v 2 T?liv j? 

L ty, A") = ^ - - G - (3.0.1) 



where 



Ko = ^ = ™ Uo = ^, F ^ = d»A v - d v A» (3.0.2) 
c X X 

= d^, ^* = d*»tp*, & = d» + — A", d*» = d^ - —A^. (3.0.3) 

Xc xc 

In the above relations m > is the mass of the charge, q is the charge value, and x > is a 
parameter similar to the Planck constant h the value of which will be set later to satisfy the 
Einstein relation £ = Huq. The term G corresponds to the nonlinear self-interaction 

and is to be determined later, ip* is complex conjugate to ip. The above Lagrangian involves 
the so-called covariant differentiation operators <9 M and <9* M with abbreviated notations ip^ 
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and ■0' At * for the corresponding covariant derivatives. In what follows we use also the following 
abbreviations 

= d"ip* = ip'^ 1 * . (3.0.4) 

We remind the reader also that 

= G*- v )-* = £ = (^- v )- (3 - a5) 

A*=(tp,A), A„=(tp,-A), E=-Vv3-ia,A, B = VxA. 

Evidently the Lagrangian L defined by the formulas fj3.0.1|) - fl3.0.3|) is obtained from the 
Klein-Gordon Lagrangian, jGriffithsl Section 7.1, 11.2], jBarutl III.3], by adding to it the 
nonlinear term G(ip*ip). The Lagrangian expression indicates that the charge is coupled 
to the EM field through the covariant derivatives, and such a coupling is well known and 
called minimal. The Klein-Gordon Lagrangian is a commonly used model for a relativistic 
spinless charge, and the introduced nonlinearity G (ip*ip) can provide for a binding self-force. 
Nonlinear alterations of the Klein-Gordon Lagrangian were considered in the literature, see, 
for instance, [Griffiths! Section 11.7, 11.8] and |Benci Fortunato] . for rigorous mathematical 
studies. Our way to choose of the nonlinearity G (ip*ip) differs from those. 

Observe that the Lagrangian L Q defined by ( 13.0. 1D - (13.0.3D is manifestly Lorentz and gauge 
invariant, and it is a special case of a general one charge Lagrangian studied in Section fl 1.61 
This allows us to apply to the Lagrangian L Q formulas from there to get the field equations, 
the 4-micro current and the energy-momenta tensors. Consequently, the Euler-Lagrange field 
equations (111. 6. 3p take here the form 

dj)» + k 2 + G' V> = 0. (3.0.7) 

The formula ( 111. 6. 5ft for the 4-micro current density J M turns into 

j» = -£Li ( ipd u *ip* - iP*d u Tp) = - i m + £-A v \ W 2 , (3.0.8) 
2m \ / \ m ip mc J 

or, in the time-space variables, 

„ = _ j» i Ua;r - = -(4^+4) w « , (3 .o.9) 

2mc V / \mcr ip mr/ 

J = i - ^) = ( ™ Im ^ - £±\ h 2 . 

2m \ J \m ip mc J 

The above formulas for the 4-microcurrent density J M = (pc, J) are well known in the liter- 
ature, see for instance, jWentzelj (11.3)], [M orse Feshbach 11 Section 3.3, (3.3.27), (3.3.34), 
(3.3.35)]. It satisfies the conservation/continuity equations 

d u J u = 0, d t p + V • J = 0, J u = (pc, J) . (3.0.10) 

Consequently, the total charge J p (x) dx of the elementary charge remains constant in the 
course of evolution, and we impose a charge normalization condition which extends (12.0.201) . 
namely 

q J R 3 Vmr ip mc z J 
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We would like to stress that the equation (13.0. lip is perfectly consistent with the field equa- 
tions and the conservation laws (13.0. 10p . and it constitutes an independent and physically 
significant constraint for the total charge to be exactly q as in the Coulomb 's potential, rather 
than an arbitrary constant. 

Applying the general formulas (jll.6.8p -( jll.6.9|) to the Lagrangian Lq defined by ( IBTTTj) - 
(I3.0.3P we obtain the following representations for the symmetric and gauge invariant energy- 
momenta tensors T^ v and for, respectively, the charge and the EM field: 

T " U = £l { [t "* r + ^ r * ] ~ ~ ^ ~ ° 9 ^ ' (3 -°- 12) 

&" = ^ [g m F^ + -^F^fA . (3.0.13) 

Energy conservation equations which we derive later in (lll.5.29p - (lll.5.30l turn here into 

= r, = -r, (3.o.i4) 

where 

f u = -J U F UIX = ( -J • E, pE + -J x B ] (3.0.15) 
c \c c / 

is the Lorentz force density. 
3.1 Charge at rest 

We say the dressed charge to be at rest at the origin x = if it is a radial solution to the 
field equations ( 13 . . 6 j) - ( 13 . . 7[) of the following special form 

2 

^(t,x)=e-^V(|x|), ¥>(t,x) = £(|x|), A(t,x) = 0, u = , (3.1.1) 

X 

and we refer to such a solution as co -static. Observe that as it follows from (I3.0.8p . (I3.0.9p . 
the micro-density p and micro-current J for the 4-micro current J v = (pc, J) for the Co>o-static 
solution (I3.1.ip are 

p = q (l-*P\^\ J = . (3.1.2) 

The charge normalization condition ( 13.0. lip then turns into ( 12.0.201) . 

For the charge at rest as described by relations (13.1 .ip the field equations (13 . . 6 [) - ( 13 . . 7f) 
turn into the following system of two equations for the real-valued functions ip and <f> which 
we call rest charge equations: 

-A£ = 4vrp, p = q(l- ^f) tf, (3.1.3) 

-Ai + ^(2-^)i + G r(|i|')i = 0. (3.1.4) 

The radial functions ip and <f> play instrumental role in our constructions, and we name 
them respectively charge form factor and form factor potential. As it follows from the 
equation (13.1.31) . the charge form factor ip = (px determines the form factor potential <f 
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by the formula f l2.0.14[) . Consequently, plugging in the above expression into the equation 
(12.0. 13p we get the nonlinear equation ( 12.0. 15[) as follows: 

- A-0 + ^fq (2 - ™±) j, + G 1 (\^\ 2 ) = 0. (3.1.5) 

As it is shown in the next section, the equation (13.1.51) signifies a complete balance (equi- 
librium) of the three forces acting upon the resting charge: (i) internal elastic deformation 
force associated with the term — Aip; (ii) charge's electromagnetic self-interaction force asso- 
ciated with the term (2q — V>; (hi) internal nonlinear self-interaction of the charge 

associated with the term G' (fyfj V>- We refer to the equation (I3.1.5P as charge equilib- 
rium equation or just the equilibrium equation. Importantly, the charge equilibrium equation 
(I3.1.5P establishes an explicit relation between the form factor ip and the self-interaction 
nonlinear ity G. 

Now we come to a key point of our construction: determination of the nonlinearity G from 
the equilibrium equation A3. 1.5]) . First we pick and fix a form factor ip (r), r > 0, which is 
assumed to be a nonnegative, monotonically decaying and sufficiently smooth function. Then 
we determine consequently G' and G from the equilibrium equation 113.1.5]) . This gives us at 
once the desired state of the resting charge {ip,(f>} without solving any nontrivial nonlinear 
partial differential equation, which is a stumbling block in most theories involving nonlinear- 
ities. Of course such a benefit of our approach comes at a cost of dealing with a nontrivial 
nonlinearity G at all further steps, but it turns out that the definition of the nonlinearity 
via the equilibrium equation A3. 1.5]) is constructive enough for representing many important 
physical quantities in terms of ip, ip and G without explicit formulas for them. Curiously, 
for certain choices of ip one can find explicit formulas for <p, G and other important physical 
quantities, as we show in Section [773} 

3.2 Energy-momentum tensor, forces and equilibrium 

In any classical field theory over the four-dimensional continuum of space-time the energy- 
momentum tensor is of a fundamental importance. It provides the density of the energy, the 
momentum and the surface forces as well as the conservation laws that govern the energy 
and momentum transport. It is worth to point out that it is the differential form of the 
energy-momentum conservation which involve the densities of energy, momentum and forces 
rather than the original field equations are more directly related to corpuscular properties 
of the fields. In particular, for the charge model we study here the Lorentz force density 
arises in the differential form of the energy-momentum conservation equations and not in the 
original field equations. For detailed considerations of the structure and properties of the 
energy-momentum tensor including its symmetry, gauge invariance and conservation laws we 
refer the reader to Section [TTJ Here, using the results of that section, we compute and analyze 
the energy- momentum tensor for the Lagrangian Lq defined by the formulas f l 3 . . 1 p - f 1 3 . . 3 j) 
and for the Wo-static state defined by (13.1 .ip . 

Using the interpretation form (lll.2.19p - (lll.2.20"|) of the energy-momentum T^ u and for- 
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mulas f l3.0.12p -f l3.0.13p we find that the energy-momentum tensor takes the following form 



rpjjLU 



u cpi cp 2 cp 3 

C -1 Si -an -0"12 -0"13 
c _1 s 2 -cr 2 i -cr 22 -cr 23 

0"33 



c 1 s 3 -a 31 -a 32 



(3.2.1) 



where the energy density u, the momentum and the energy flux components pj and Sj are as 
follows: 



2m 



p? = 0, s j = 0, j = 1,2,3, 
and the stress tensor components cr^ are represented by the formulas 



<Tij = ~ 



rn 



+ 



(3.2.2) 
(3.2.3) 

(3.2.4) 



q[(f- 



2mc 2 



I 2 , XT 
2m 



'ij, 



i,j = 1,2,3. 



Notice that the vanishing of the momentum p and the energy flux s in (13.2.31) is yet another 
justification for the name Wo-static solution. Observe also that for the Wo-static state defined 
by (ECU) the EM field is 

E = -V£, B = 0. (3.2.5) 

Using the representation (lll.4.21l) - (lll.4.22l) for the EM energy-momentum Q^ u combined 
with the formulas (I3.2.5P for the EM field we obtain the following representation of © My for 
the Wo-static solution (13.1.11) : 



fJtV 



where 



6 



Q*3 = 

47T 



my i (sir) 









(V£) s 



v. 



Si 



i,j = 1,2,3. 



(3.2.6) 



(3.2.7) 



Combining the conservation law (13.0.141) with the general representation (13.2. ip of the charge 
energy-momentum tensor T MI/ we obtain 



J'=l,2,3 



pEi + - (J x B),. 



0, i = 1,2,3. 



(3.2.8) 



Notice that for the wo-static solution (13.1 .ip . in view of (I3.2.5p . ( I3.2.6p . (I3.2.7p . the equation 
( I3.2.8P turns into the equilibrium equations 



5=1,2,3 



(3.2.9) 



Observe now that the stress tensor (str.t.) cr^- defined in (13.2.41) can be naturally decom- 
posed into the three components which we name as follows 



o* • rry- • a<; r i,j = 1, 2, 3, 



(3.2.10) 
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where 

„d x 2 

a ij = 

J m 

is the elastic deformation stress tensor, 



„ „ 1 / „n2 



a 



'j 



2mc' 



(3.2.11) 



(3.2.12) 



is the EM interaction stress tensor, 



-p nl 5ij, p 



X 2 G (J, 
2m 



(3.2.13) 



is the nonlinear self-interaction stress tensor, and consequently the respective volume force 
densities are 

r 2 



E d K = ft = -— A ^ d ^ i = 1, 2, 3 



3=1,2,3 



m 



E w = /r + 

3=1,2,3 



(3.2.14) 
(3.2.15) 



E a 

3=1,2,3 



3^3 



g(2£- 

ff 



— -ft 2 ) ipd^, 

= —G' (^) ]>dd>. 

m \ J 



(3.2.16) 
(3.2.17) 



Notice that the volume force density for the electromagnetic interaction stress in ( 13.2. 15ft has 
two parts: /f m , which we call internal electromagnetic force, and pdfy which is the negative 
of the Lorentz force. Observe that the stress tensor of;- has a structure similar to the one for 
compressional waves, see Section [11.91 and (111.9.61) . whereas the both stress tensors af™ and 
cx°- have the structure typical for perfect fluids, |Moller| Section 6.6], with respective hydro- 
static pressures p em and p nl defined by the relations (I3.2.12p - (I3.2.13I) . Notice that the formula 
113.2. 13\) provides an interpretation of the nonlinearity G (^ 2 ) : p nl = ~x 2 G (ijj 2 ) / (2m) is the 
hydrostatic pressure when the charge as at rest. 

Based on the equalities ( 13 . 2 . 1 4^ - (13 . 2 . 1 7[) we can recast the equilibrium equation (I3.2.9|) as 



f?+fr+ft=o, 2 = 1,2,3, 



(3.2.18) 



or 



-— A^ + g^- 



q r fc) W + —G' (i? 



m 



diil) = o. 



The equation 113.2. 18\) signifies the ultimate equilibrium for the uo-static charge. It is evident 
from equation (13. 2. 18j) that the scalar expression in the brackets before VV> up to the factor 
p- is exactly the left-hand side of the equilibrium equation ( I3.1.5p . In fact if V?/> 7^ then 
the equilibrium equation (I3.2.18j) is equivalent to the scalar equilibrium equation (I3.1.5p . 

Notice that since the if) (|x|) and (p (|x|) are radial and monotonically decaying functions 
of |x| we readily have 



W(|x|) 



x, V£(|x|) = -|V£|x, x 



X 

|x| 



{x 1 ,x 2 ,x 3 ) 



(3.2.19) 
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The relations ( I3.2.19[) combined with (I3.2.14p - (l3.2.17p imply that for the resting charge all the 
forces f el , f em and f nl and radial, i.e. they are functions of |x| and point toward or outward 
the origin. 

Notice that it follows from the relations (I3.2.3P and (I3.2.6P that the total momentum P 
and the energy flux S of the resting dressed charge, i.e. the charge and the EM field together, 
vanish, and hence we have P u = (u, P) with 

p = 0, S = 0, (3.2.20) 

where the energy density u is represented by the formula (I3.2.2p . We would like to point 
out that the vanishing for the resting charge of the micro-current J in (I3.1.2P as well as the 
momentum P and the energy flux S in (I3.2.20P justifies the name cuo-static solution. 

Using the general formulas f ll 1.2. 16|) for the angular momentum density Af 4 " 7 and com- 
bining them with the relations f l3.2.ip - fl3.2.3p for the energy-momentum tensor T^ v we readily 
obtain that the total angular momentum J U1 vanishes, namely M 0ui = implying 

J"y = f M ^ (x) dx = 0. (3.2.21) 



3.3 Frequency shifted Lagrangian and the reduced energy 



The time harmonic factor e~ 1UH>t which appears in wo-static states as in (13. 1 . 1 p plays a very 
important role in this theory, including the nonrelativistic case. To reflect that we introduce 
a change of variables 

ip (t, x) -> e" ia;o V (*, x) (3.3.1) 

and substitute it in the Lagrangian L defined by (13.0.11) to obtain the Lagrangian L U}Q , which 
we call frequency shifted, namely 



2m I c 
where we use notation 

d t = d t + — , V 



L m ty, A^) = |i (i)*d t i) - i)d* t r) + 

+& \ ^M9* t r - v^vy - g («) | - 



a-— , v = v + 



X Xc X 

If we use the relation (I11.4.16P we can rewrite it in the form 



igA 

X c ' 



, (W,A") 



x. 



i Tpdtlp - ildw + 



2m { c z 
1 



Vcp + -d t A - (V x A) 

c 



(3.3.2) 



(3.3.3) 



The Lagrangian L u)0 defined by the formula (13.3.21) is manifestly gauge and space-time trans- 
lation invariant, it also invariant with respect to space rotations but it is not invariant with 
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respect to the entire group of Lorentz transformations. Notice also that wo-static states for 
the original Lagrangian defined by (13.0. ip turn into regular static states for the Lagrangian 
L UQ , and that was one of the reasons to introduce it. 

For a w -static state je~ lw °'?/>, j satisfying the field equations (I3.1.3p -( 13.1.4p its canonical 
density of energy ul (ip, fij as defined by fll 1 .2.5[) can be simply related to the canonical 



energy Ul wq yip, dp] of the frequency shifted Lagrangian L^ . Indeed applying the arguments 

provided in Section [11.8.11 particularly relations (lll.8.37p - (lll.8.40p . and combined with the 
representation (13.3.31) we find that 



ul [i/j, <p 



2 2 

mc x 
q 2m 



mc 



u 



(3.3.4) 



Q 



WO + — - — V 



+ G (i? 



8tt 



and that the total energy in this state can be represented in the form (I2.1.ip using results of 
Section 111.81 The energy representation (12. 1. 1 H is important to us since it does not involve 
explicitly the nonlinear self-interaction G. 



3.4 Moving charge 

As it is often done in the literature we use the Lorentz invariance of the system to obtain 
the state of the dressed charge moving with a constant velocity v. Namely, we apply to the 
rest solution described by ( 13 . 1 . 1 [) - (13 . 1 . 4[) the Lorentz transformation from the original "rest 
frame" to the frame in which the "rest frame" moves with the constant velocity v as described 
by the formulas ( 1 1 1 . 1 . 6 j) . (Ill .4. 12[) (so x' and x correspond respectively to the "rest" and 
"moving" frames) yielding 

V (t, x) = e -^- k - x ^ (x') , v ,(f,x) = 7 0(|x , |), A(t,x)= 7 /3v?(|x'|), (3-4.1) 

E (t, x) = - 7 V^ (|x'|) + (/3 ■ (|x'|)) (3, B (t, x) = 7 ^ x (|x'|) , (3.4.2) 

7 + 1 

where 

/ 2 n -1/2 

co = 7^o, k = 7/A P = ^, P = \P\ , 7 = f 1 - ( I) ) , (3-4.3) 
7—1 

x' = x + (/3 ■ x) /3 - 7vt, or xj| = 7 (xy - vt) , x' ± = x ± , (3.4.4) 

where xy and x^ refer respectively to the components of x parallel and perpendicular to 
the velocity v. The above formulas provide a solution to field equations ( I3.0.6j) . ( I3.0.7P and 
indicate that the fields of the dressed charge contract by the factor 7 as it moves with the 
velocity v compared to their rest state. The first oscillatory exponential factor in ( 13.4. lj) is 
the de Broglie plane wave of the frequency uo and the de Broglie wave-vector k. Notice that 
the equalities (I3.4.3j) readily imply the following relations between u, k and v 

u = uj (k) = ^o;§ + c 2 k 2 , v = V k w (k) , (3.4.5) 
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where 

So ft) mc 2 

and we refer to Section El formulas (I2.1.4l) -( l2.1.6p . for the values of the frequency ujq and the 
constant \- 

Notice that the above relations show, in particular, that for the freely moving dressed 
charge defined by equalities (I3.4.ip - (I3.4.4I) its velocity v equals exactly the group velocity 
Vk^ (k) computed for the de Broglie wave vector k. This fact clearly points to the wave 
origin of the charge kinematics as it moves in the three dimensional space continuum with the 
dispersion relation u = a/ w o + c 2 k 2 . Notice that this dispersion relation is identical to the 
dispersion relation of the Klein-Gordon equation as a model for a free charge, [Pauli PWM[ 
Section 18]. 

Now we consider the total 4-momentum P obtained from its density by integration over the 
space M 3 . Since the dressed charge is a closed system, its total 4-momentum P u = (E, cP) is 4- 

vector, see the end of Section [TT72J Using this vector property and the value P v = (^£o , 

for the resting dressed charge we find, by applying the relevant Lorentz transformation, that 
the dressed charge 4-momentum P u satisfies 

P v = (E, cP) , E = Hu, P = hk, (3.4.6) 

showing that the Einstein-de Broglie relations hold for the moving charge. We would like 
to point out that, though the above argument used to obtain the relations (13.4.61) is rather 
standard, in our case relations (I3.4.6P are deduced rather than rationally imposed. 

Observe that our relations (I3.4.5P under the assumption that x — h are identical to those 
of a free charge as described by the Klein-Gordon equation, |Pauli PWMl Sections 1, 18], (see 



also Section Ill.lOp but there are several significant differences between the two models which 
are as follows. First of all, our charge is a dressed charge described by the pair {?/>, A^ 1 }. From 
the very outset it includes the EM field as its inseparable part whereas the Klein- Gordon 
model describes a free charge by a complex-valued wave function ip which is not coupled to 
its own EM field (not to be confused with an external EM field). Second, our free dressed 
charge when it moves, evidently preserves its shape up to the natural Lorentz construction 
whereas any wavepacket satisfying Klein-Gordon equation spreads out in the course of time. 



3.5 Correspondence with the point charge mechanics 

The free dressed charge as described by equalities f l 3 . 4 . 1 p - ( 13 . 4 . 4 j) allows for a certain reduction 
to the model of point charge (mass). Notice that combining the relations ( I3.4.6P with (I3.4.3j) 
we obtain the well known point mass kinematic representations f ill. 1. 13|) for the total energy 
E and the momentum P of the dressed charge, namely 

p = ftk = 7/3^ = 7 mv, 7 = h_ (T) j , (3.5.1) 
E = ftuj = h'-fUo = 7mc 2 = ca/P 2 + m 2 c 2 , (3.5.2) 

where fh is the dressed charge mass defined by (I2.1.2p . We can also reasonably assign to the 
dressed charge described by equalities f l3.4.1l) -f l3.4.4l) a location r (t) at any instant t of time 
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which is obtained from the ( I3.4.4[) by setting there x' and solving it for x, r(t) = x(x',£) . 
Not surprisingly, its solution is 

r(t)=vt. (3.5.3) 

An elementary examination confirms that (ct, vt) transforms as a 4- vector implying that 
the definition (I3.5.3|) is both natural and relativistically consistent. From (I3.5.3|) we readily 
obtain another fundamental relation for the point charge 



dr (t) 
dt ' 



(3.5.4) 



4 Single nonrelativistic free and resting charge 

The nonrelativistic case, i.e. the case when a charge moves with a velocity much smaller than 
the velocity of light, is important for our studies for at least two reasons. First of all, we need 
it to relate the wave-corpuscle mechanics to the Newtonian mechanics for point charges in 
EM fields. Second of all, in the nonrelativistic case we can carry out rather detailed analyt- 
ical studies of many physical quantities in a closed form. With that in mind, we would like 
to treat the nonrelativistic case not just as an approximation to the relativistic theory but 
rather as a case on its own, and we do it by constructing a certain nonrelativistic Lagrangian 
Lo intimately related to the relativistic Lagrangian defined in ( 13 . . 1|) - ( T3 . . 3 [) . This nonrela- 
tivistic Lagrangian constitutes a fundamental basis for our nonrelativistic studies including 
the construction of the nonlinear self-interaction. The relation between the relativistic and 
nonrelativistic Lagrangians is considered in Section [7J 

The nonrelativistic Lagrangian L is constructed as a certain nonrelativistic modification 
of the frequency shifted Lagrangian L wo (ip, A^) introduced in Section 13.31 The first step in 
this modification is the change of variables (13.3. ip . namely 



ijj (t, x) -> e" la;o V (t, x) 



(4.0.5) 



which was the initial step in the construction of the frequency-shifted Lagrangian L UJo defined 
by (I3.3.2p - (l3.3.3p . Then a gauge invariant and nonrelativistic Lagrangian Lo is obtained from 
the Lagrangian L ulQ by omitting in (I3.3.3P the term ^^dt^pd^ip* and setting A = 0, namely 



L (v, r,^) = Y - w*] - t v ^* + G (^)i + ™ 



(4.0.6) 



« = a i + ^U 

X 



WP 
X 



where, we recall, the term G corresponds to the charge nonlinear self-interaction. Ob- 

serve that the assumption A = in view of (111.4.61) readily implies 



E = -Vip, B = 0. 

Hence, the EM field tensor defined by (I11.4.5P takes here a simpler form 



(4.0.7) 






-Ex 


-E 2 


-E 3 


E x 











E 2 











E 3 












(4.0.8) 
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The mentioned gauge invariance is understood with respect first to the gauge transformation 
of the first kind (global) as in fl 1 1 . 5 . 7j) and of the second (local) types as in d 1 1 . 5 . 7[) - ( 1 1 1 . 5 . 8 j) . 
namely 

ip ^e i7 V, V>* ^e-'V, (4.0.9) 

where 7 is any real constant, and with respect to a reduced version of the second type gauge 
transformation 

iqA(t) iqA(t) 

i/j^e x ^^*_^ e x tp ip + d t X(t) , (4.0.10) 

which is similar to fl 1 1 . 5 . 8 j) but the function A (t) may depend only on time. 

Evidently the EM field of the charge is represented in the above Lagrangian Lq only by 
its scalar potential tp and the corresponding electric field E = — V<p , since A = 0. The 
charge's magnetic field is identically zero in view of the equalities C I4.Q. 7j) . and, consequently, 
any radiation phenomena are excluded in this model. The Lagrangian Lq can be viewed 
as a field version of the point charges model (16.1. 30p that neglects all retardation effects in 



<?1<?2 



the static limit (zeroth order in |) with the "instantaneous" interaction Lagrangian 
between two charges, [Jacksonl Section 12.6]. More detailed discussions on the relations 
between relativistic and nonrelativistic Lagrangians and the corresponding Euler-Lagrange 
equations are provided in Section [3 

The Euler-Lagrange field equations for this Lagrangian are 

X id t iP = [-Aip + G' {rip) 4] , (4.0.11) 
2m 

-Aip = Anqipip*, (4.0.12) 

where G' (s) = d s G(s), and we refer to the pair {ip, p} as dressed charge. Taking into 
account the form of the covariant time derivative from (I4.0.6[) we can recast the field equations 
f l4.0.1ip -f r4".0.12p for the dressed charge as 



xi9 ^ = h 



-a + ^W'(h 2 ) 

X 



tp, -A<p = 4:nq\ip\ 2 . (4.0.13) 



which imply fl233|) . (T233D- 

Applying the general formulas f lll.7.12[) - (lll.7.15j) for the charge and current densities to 
the Lagrangian L we obtain expressions (12.3.91) for the densities and since external fields are 
absent, the current J M satisfies the conservation/continuity equations f )2.3.10p . Consequently, 
the total charge remains constant in the course of evolution, and as always we set this constant 
charge to be exactly q, namely we impose charge normalization condition (12.3. 12[) 

p (x) dx = q / ipip*dx = q or / \ip\ 2 dx = 1. (4.0.14) 

As in the relativistic case the equation (12.3.101) follows from the field equations, therefore 
(14.0. 14p is preserved for all times. 



4.1 Symmetries and conservation laws 

To carry out a systematic analysis of conservation laws associated with the Lagrangian Lq 
defined by (14.0.61) via Noether theorem, see Section [T 1.31 we need to find a Lie group of trans- 
formations which preserve it. The Lagrangian L is not invariant with respect to either the 
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Lorentz or the Galilean groups of transformations. But a straightforward examination shows 
that L is invariant with respect to the following Galilean-gauge group of transformations 



t' = t, x' = x — vt, 



(4.1.1) 



or 



x 



0/ 



X X 



V(*,x) 



v 2 f +2v-x' ,/ / ,/ 



(4.1.2) 



or 



///./ A i^-(v 2 t-2v-x 

^ [t , x ) = e 2 x v > 



V(t,x) 



with ip (t, x) = (p' (t f , x'). One can also verify that the above transformations form an Abelian 
(commutative) group of transformations parametrized by the velocity parameter v. It is cu- 
rious to observe that according to the Galilean-gauge transformations (I4.1.ip . (I4.1.2P the 
charge wave function does not transform as a scalar as in the relativistic case. These trans- 
formations are known, [Gottfried! Section 7.3], and were used, in particular, in studies of 
nonlinear Schrodinger equations, [Sulem[ Section 2.3]. 

The above defined Galilean-gauge group is naturally extended to the general inhomoge- 
neous Galilean- gauge group by adding to it the group of spacial rotations O and space-time 
translations a M , namely 

t' = t + r, x' = Ox - vt + a, 



V>' (f,x') =e^ 



v 2 (t+r)-2v(Ox+a 



{t,x),<p' (t',x') = ^(t,x). 



The infinitesimal form of the above group of transformations is as follows 



(4.1.3) 
(4.1.4) 



t! = t + 
or, equivalent ly, 



£ x x — vt + a, a A 



cr, a 



ct. 



(4.1.5) 





— — -£ 3 £ 2 

-t e -e 1 

_S_ _£2 



(4.1.6) 



where the real number r and the coordinates of the three three-dimensional vectors v, £, a 
provide the total of ten real parameters as in the case of the infinitesimal inhomogeneous 
Lorentz group defined by ( Ill.l.lOp . The infinitesimal form of the transformations (14. 1.4ft is 



5ip 



-i — I x- 7 • 5v 3 ] ip, d<P 

X \j=l,2,3 



0. 



(4.1.7) 



Coming back to the analysis of basic features of our model we acknowledge the use in this 
section of the relativistic conventions for upper and lower indices and the summation as in 
Section Hl.l[ including 



x' 



(x°,x) 



(*°, -x) 



ct. 



(4.1.8) 
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Carrying out the Noether currents analysis as in Section ["11.3l for the Lagrangian Lq we obtain 
10 conservation laws which, as it turns out, can be formulated in terms of the canonical 
energy-momentum tensor T 7 "', which in turn is obtained from the general formula (111. 2. 5ft : 

f ^fe^ + %' : " + fe^-^ (4 ' L9) 

Namely, we get the total of ten conservation laws: 

df/t^ = - energy-momentum conserv., (4.1.10) 
= T 3 '*, i,j = 1,2,3 - space angular momentum conserv., (4.1.11) 

p l = J~® 1 = — J* 2 = 1, 2, 3 - time-space angular momentum conserv. (4.1.12) 
Q 

The first four standard conservation laws (14.1.101) are associated with the Noether's currents 
with respect to space-time translations a M . The second three conservation laws in (14.1. lip are 
associated with space rotation parameters and they turn into the symmetry of the energy- 
momentum tensor T^ v for the spatial indices similarly to relations f l 1 1 . 2 . 1 6 [) - f 1 1 1 . 2 . 1 71) . The 
form of the last three conservation laws fi^TTTW is special to the nonrelativistic Lagrangian 
L , and it is due to the Galilean-gauge invariance \^.1.2\j , fl^.l. 4\ )- These relations indicate 
that the total momentum density P l is identically equal up to the factor — to the microcur- 
rent density J 1 defined by (12.3.101) . This important identity is analogous to the kinematic 
representation p = mv of the momentum p of a point charge. It is related to the velocity 
components v in the Galilean-gauge transformations (I4.1.2p . (I4.1.4p . and can be traced to 
the infinitesimal transformation (I4.1.7P and the phases in (I4.1.4p . The proportionality of 
the momentum and the current is known to occur for systems governed by the nonlinear 
Schrodinger equations, |Sulemt Section 2.3]. 

The issue of fundamental importance of studies of the energy-momentum tensor has been 
already addressed in the beginning of Section 13.21 To find the energy-momentum tensor for 
the Lagrangian Lq we apply to it the general formulas from Section 111.61 The canonical 
energy-momentum 0^ for the EM field is obtained by applying the general formula (II 1.2.5ft 
to the Lagrangian Lq yielding 
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C _1 Si -fn 

C _1 S 2 -T 2 1 

c _1 s 3 -f 3 i 









-T12 


-Tl3 


—T 22 


—T 23 


—T 32 


—T 33 



(4.1.13) 
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djipdoip 
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The gauge invariant energy-momentum of the EM field takes the form 
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-Tn 


-Tl2 


-Tl3 





-T 2 1 


~ r 22 


~ r 23 





-T31 


— r 32 


-T 3 3 



(4.1.14) 



(4.1.15) 
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with matrix entries 



d w 



J ■ 



J E 



c c 

47T 87T 



9j = 0, Sj = 0, 
_ di(pdjcp 



(4.1.16) 



An 



As we can see the relation (I4.1.16P involves the time derivative 8qW for the energy density w 
rather then the density itself, and it follows from it that 



w — w (t, x) = w (x) + 



* J(f,x) ■ V^(t',x) 



dt', 



(4.1.17) 



where Wq (x) is a time independent energy density. Notice also that combining the relations 
(E33D, ( gXIDD , (I4.0.l2j) and f l4.1.17jl we obtain the following identity 



5o 



w dx = 
1 

47TC 



dx 



¥>(V- J) 



dx 



(pd t V 2 (p dx 



47TC 



47TC 

V<£> • <9 t V<£> dx = <9 



<^d t p dx 
3 8tt 



(4.1.18) 



dx. 



A choice for wo (x) in (I4.1.17p . consistent with the canonical energy-momentum, is 



Wq (X) 



(Vy) s 

8tt 



The canonical energy- momentum tensor T MV is not gauge invariant, but the following 
decomposition holds for it 



fi» = fi* + \j»a\ A v = {up, 0) 



(4.1.19) 



where T^ v is a gauge invariant energy-momentum obtained by applying formula (I11.6.8P to 
the Lagrangian Lq, namely 



rpfjLU 



u 

-1- 



cpi cp 2 cp 3 



where 



c -a u -a 12 -o"i3 

C _1 S2 -5-21 -&22 -5"23 
C~ 1 5 3 -CT 3 i -cr 32 -O-33 



« = |^|V</f + G(h/f)], 



(4.1.20) 



Pj 



X 2 i 



d^r + dtrd^), J = 1,2,3 



and the stress tensor components are represented by the formulas 

au = u- —diipdiip* + ^ (ipdtip* - ip*d t ip] , 
m 2 V / 

o-y = crji = -— (diipdjip* + dj^di^)*) for i ^ j, i,j = 1, 2, 3. 



(4.1.21) 
(4.1.22) 

(4.1.23) 
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One can verify using the field equations ( 14.0. lip . (14.0. 12p and the current conservation law 
(12.3. 10p that the canonical and gauge invariant energy-momentum tensors satisfy the the 
following relations 

0w = 0w ? fw = fw i j = 1, 2, 3 (4.1.24) 



and 



and that the conservation laws in view of the representation ( 14.0. 8p take the following form 

o,f^ = r, o,e^ = -r, (4.1.25) 

where 



0. 



r 



c 



-J ■ E,pE 

c 



and we recognize in f u the Lorentz force density. 



4.2 Resting charge 

For a resting charge the representations (I4.1.15I) - (I4.1.17I) and (I4.1.20p - (l4.1.23p for the energy- 
momentum tensors Q^ v and T^ u turn into 
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-Ti3 





-T 2 1 
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— r 23 





-T 3 1 


— r 32 
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-0"12 


-^13 





-5-21 


-C^22 


-^23 





-^31 


-^32 


-<5"33 



(4.2.1) 



showing, in particular, that the momentum and flux densities for the charge and for the EM 
field are all identically zero. Consequently, the total momentum P and the energy flux S of 
the resting dressed charge vanish and we have P u = (u, P) with 



P = 0, S = and u 



X 
2m 



2 r 



(4.2.2) 



Observe now that the stress tensor (str. t.) defined by relations ( 14. 1.23ft in the case of 
resting charge can be naturally decomposed into three components which we name as follows 



el I em , _nl • ■ i o Q 

a a + <J ii + a a, l ,J = 1,2,3, 



where 



a '; 



r el = _X_ 

13 m 

is elastic deformation stress tensor, 



dibdji) - ~ ( W ) 5 



(4.2.3) 
(4.2.4) 



(4.2.5) 



is EM interaction stress tensor, 



a 



ni 



-P Q % V V 



X 2 G (tP 
2m 



(4.2.6) 
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is nonlinear self-interaction stress tensor. Consequently, the respective volume force densities 
are 



E %4 

J=l,2,3 
3=1,2,3 



pel 



r 

m 



1,2,3, 



cm 



E 

i=l,2,3 



<9cT nl 



mi 



— G' 



??? 



■0 I tpdiip. 



(4.2.7) 
(4.2.8) 

(4.2.9) 



Notice that the volume force density for the electromagnetic interaction stress in (I4.2.8P has 

two parts: /? m , which we call internal electromagnetic force, and pdfy which is the negative 

of the Lorentz force. Observe that the stress tensor af- has the structure similar to the one 

l j 

for compressional waves, see Section H 1.91 and (111.9.6p . whereas the both stress tensors erf™ 
and erf™ have the structure typical for perfect fluids, [Moller[ Section 6.6], with respective 
hydrostatic pressures p em and p nl defined by the relations f)4.2.5j) - fl4.2.6j) . 

Based on the equalities (I4.2.7p - (l4.2.9p we can recast the equilibrium equation (I3.2.9P as 

ft + fr + ff 



0. 



-—Aip + 2q($ + —G' 
m m 



1,2,3, or 



(4.2.10) 



2 ) ip 



0. 



The equation \J^.2.10\j signifies the ultimate equilibrium for the static charge. It is evident 
from equation (14.2. 10p that the scalar expression in the brackets before Vip up to the factor 

is exactly the left-hand side of the equilibrium equation (I2.3.6p . In fact if 7^ then 
the equilibrium equation 04.2. 10p is equivalent to the scalar equilibrium equation f)2.3.6p . 

Notice that since the ijj (|x|) and ip (|x|) are radial and monotonically decaying functions 
of |x| we readily have 



W(|x|)=x 



f , V<p (|r|) = - \Vp\ x, x = — = (xi, x 2 , x 3 



(4.2.11) 



The relations (14.2. lip combined with ("14 . 2 . 7[) - (14 . 2 . 9 [) imply that for the resting charge all the 
forces f el , f em and f nl and radial, i.e. they are functions of |x| and point toward or outward 
the origin. 

The total energy of the resting dressed charge 8 yjpj can be estimated based on either 

canonical energy-momentum or the gauge invariant one. If we use the canonical energy- 
momentum tensors defined by (14.1.131) . ( 14. 1.14ft and (14 . 1 . 1 9 [) - (14 . 1 . 2 1 [) we find the following 
expressions for the respectively the charge energy density u, the EM field energy density w 
and the total energy density of the dressed charge u + w: 



u + w 



u + x/j cp) + w 



2m 



° ( 2o (v<pT 

8n 



(4.2.12) 



Using now the results of Section [11.81 including the relation (1 1 1 . 8 . 1 5 1) we obtain the following 
representation for the total energy of the resting dressed charge 



(u + w) dx 



X 



2m 



in 



dx. 



(4.2.13) 
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If we wanted to use the gauge invariant energy- momentum tensors (" 14 . 1 . 1 5 j) - ( 14 . 1 . 2 3 [) for 
the same evaluation, a choice for u> (x) in (I4.1.17P consistent with the canonical energy- 
momentum would be Wo (x) — w — — ^ . 

4.3 Freely moving charge 

We can use the invariance of the Lagrangian L Q with respect to Galilean-gauge transforma- 
tions (|4.1.ip - (|4.1.2p to obtain a freely moving charge solution to the field equations (14.0. 1 1 j) - 
(14.0. 12p based on the resting charge solution (I2.3.5p - (l2.3.6p similarly to what is done in the 
relativistic case where we obtain a freely moving charge solution applying Lorentz trans- 
formation to the resting one. Namely, the field equations (I2.3.3H - ( T2.3.4I) have the following 
closed form solution 

if; = ^(t,x) = e i5/x ^(|x- vt\), (4.3.1) 
S = y l wH + 2v ■ (x - vt)] , V (t,x) = £ (|x - vt\) , 
where ip in view of relations (12.3. 14p can be also represented as 

^ = jfj (t, x ) = e iS/x ip (|x - vtl) , S = p • x - — , p = mv. (4.3.2) 

2m 

Solutions of a similar form propagating with a constant speed are well-known in the theory of 
Nonlinear Schrodinger equations, see |Sulem] and references therein. In what follows we refer 
to a wave function represented by the formulas (14.3. ip . (14.3. 2p as a wave- corpuscle. Looking 
at the exact solution (I4.3.ip . ( 14 . 3 . 2 [) to the field equations describing the freely moving charge 
we observe that it harmoniously integrates the features of the point charge. Indeed, the 
wave amplitude ^(|x — vt\) in (14.3. ip is a soliton-like field moving exactly as a free point 
charge described by its position r = vt. The exponential factor e lS ^ x is a plane wave with 
the phase S that depends only on the point charge position vt and momentum p = mv, and 
it does not depend on the nonlinear self-interaction. The phase S has a term in which we 
readily recognize the de Broglie wave- vector k described exactly in terms of the point charge 
quantities, namely 

P m , 
k = - = —v. 4.3.3 

X X 

Notice that the dispersion relation u = u (k) of the linear part of the field equations (14.0. lip 
for ip is 

u (k) = , implying that the group velocity VkW (k) = — . (4.3.4) 

2m m 

Combining the expression ( 14 . 3 . 4 [) for the group velocity Vk^ (k) with the expression (I4.3.3|) 

for wave vector k we establish another exact relation 

v = V k w(k), (4.3.5) 

signifying the equality between the point charge velocity v and the group velocity V^u (k) at 
the de Broglie wave vector k. Using the relations ( 12.3.91) and (14. 1. 121) we readily obtain the 
following representations for the micro-charge, the micro-current and momentum densities 

p(t,x) = # 2 (|x-vt|), J(t,x) = gv^ 2 (|x-vt|), (4.3.6) 

7TI ° 2 

P(t,x) = -J(t,x) = p^ (|x-vf|). (4.3.7) 
Q 
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The above expressions and the charge normalization condition (14.0. 14[) readily imply the 
following representations for the total dressed charge field momentum P and the total current 
J for the solution (I2.3.16[) in terms of point charge quantities, namely 

m f XQr W « 2 (A9Q\ 

r — — J= / — Im— — ip dx = p = mv. (4.3.8) 

4.4 Nonlinear self- interact ion and its basic properties 

As we have already explained in the beginning of Section 0] the nonlinear self interaction 
function G is determined from the charge equilibrium equation f !2.3.8|) based on the form 
factor ip and the form factor potential It is worth to point out that such a nonlinearity 
differs significantly from nonlinearities considered in similar problems in literature. Important 
features of our nonlinearity include: (i) the boundedness of its derivative G' (s) for s > 
with consequent boundedness from below of the wave energy; (ii) non analytic behavior for 
small s that is for small wave amplitudes. 

In this section we consider the construction of the function G, study its properties and 
provide examples for which the construction of G is carried out explicitly. Throughout this 
section we have 

ip, ip > and hence \ip\ = ip. 

We introduce explicitly the size parameter a > through the following representation of the 
fundamental functions ip (r) and (p (r) 

^P{r)=ip a { r ) = a-^ 1 {a- l r), (4.4.1) 
V>(r) = & a (r) = cT^i , 

where ip 1 (r) and fi 1 (r) are functions of the dimensionless parameter r, and, as a consequence 
of (14.0. 14p . the function ip a (r) satisfies the charge normalization condition 

/ °ip\ (|x|) dx = 1 for all a > 0. (4.4.2) 

The size parameter a naturally has the dimension of length, but we do not yet identify it with 
the size. Indeed, any properly defined spatial size of ip a , based, for instance, on the variance 
or on an energy-based scale as in f)4.7.3p . is proportional to a with a coefficient depending on 
ip x . The charge equilibrium equation f!2.3.8|) can be written in the following form 

~2^ V2 ^ + q ^ a + 2^ G ' a (^) ^ = °' (4A3) 



2 



(4.4.4) 



The function ip a (r) is assumed to be a positive, monotonically decreasing function of r > 0, 
and to satisfy the charge normalization condition f !4.4.2p . Recall that $ a (|x|) and $? (|x|) 
are radial functions and consequently, when solving the equation ( j4.4.4j) for <p a , we obtain 
(see Section I4.6I and ( I4.6.7P for details) the formula 



- f \ q 
r 



1 / f n r 1 ip 1 (n) dri 

a Jr/a v a J 



(4.4.5) 
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Obviously, if ip l (r) decays sufficiently fast as r — > oo and a is sufficiently small then the 
potential (p a (r) is very close to the Coulomb's potential q/r, as we show in Section [4761 
Let us look first at the case a = I, ip a = ip a = </p x , for which the equation (14.4.31) yields 

the following representation for G'ixp^) from (14.4.31) 

G <te (r) ) = (Z!^_5> l(r ). (4.4.6) 

Since ^ (r) is a monotonic function, we can find its inverse r = r (?/> 2 ) , yielding 

V Vi 2m ^ ( r ( s )), = ^(oo) <s<^(0). (4.4.7) 



G' is] 



~ -2-^1 

^1 X 



o 2 

We extend G' (s) for s > ip 1 (0) to be a constant, namely 

G' (s) = G' (00)) if s > i/;? (00) . (4.4.8) 

Observe that the positivity and the monotonicity of the form factor ip l was instrumental for 
recovering the function G' (s) from the charge balance equation l[4.4-3\ )- 

Using the representation (14.4. 7h for the function G' (s) we decompose it naturally into 
two components: 

G' (s) = G' v (s) - -G; (s) , (4.4.9) 



a x 



where 



and for all r > 



a x = (4.4.10) 
mq z 



G' v (#) (r) = (r) , C; (#) (r) = = ^ ( r ) . (4.4.11) 

We refer to G' v (s) and C (s) as elastic and EM components respectively. In the case of 
arbitrary size parameter a we find first that 

G' Via (s) = a- 2 G' Vil (a 3 s) , G^ a (s) = a' 1 ^ (a 3 s) , a > 0, (4.4.12) 

and then combining (14.4. 12ft with (14.4.91) and (14.4. Ill) we obtain the following representation 
for the function G' a (s) 

G' v , (a 3 s) 2G' , (a 3 s) 
G (s) = '- ^ '-. (4.4.13) 

a 2 aa x 

Let us take a look at general properties of G' (s) and its components G' v (s) and G' (s) as 
they follow from defining them relations (I4.4.7I) - (I4. 4.131) . Starting with the EM component 
G'^ (s) we notice that tp l (|x|) is a radial solution to the equation (I4.4.4p . Combining that 
with ijj 2 > and using the Maximum principle we conclude that ^ (|x|) /q is a positive 
function without local minima, implying that it is a monotonically decreasing function of |x|. 
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Consequently, G' (s) defined by (14.4. lip is a monotonically increasing function of s, and 
hence 

G' v (s) > for all s > and G' v (0) = 0. (4.4.14) 
Note that G'^ (s) is not differentiable at zero, which can be seen by comparing the behavior of 

o 2 

ip 1 (r) and ip l (r) at infinity. Indeed, ip x (r) /q ~ r as r —¥ oo and since ^ (|x|) is integrable, 
it has to decay faster than |x|~ 3 as |x| — > oo. Consequently, \G' (s)| for small s has to be 
greater than s 1 ^ 3 which prohibits its the differentiability at zero. One has to notice though 
that the nonlinearity G' (IV'I 2 ) if> as it enters the field equation (14.0.131) is differentiable for all 
ip including zero, hence it satisfies a Lipschitz condition required for uniqueness of solutions 
of initial value problem for (14.0. 13 j) . 

Let us look at the elastic component G" v (s) defined by the relations (14.4.111) . Since 
V>(|x|) > the sign of G' v (|^| ) coincides with the sign of V 2 ip l (|x|). At the origin 
x = the function ■0 1 (|x|) has its maximum and, consequently, G" v (s) < for all s close to 
s — ip x (oo), implying 

G" v (s) < for s > 1. (4.4.15) 

The Laplacian applied to radial functions ■0 1 takes the form {r^-^ |x|j. Consequently, 

if rijj 1 (r) is convex at r = |x| we have V 2 "0! (|x|) > 0. Since r 2 ip (r) is integrable we can 
naturally assume that |x| %p l (|x|) — > as |x| — > oo. Then if the second derivative of rip 1 (r) 
has a constant sign near infinity, it must be non-negative. For an exponentially decaying 
ip l (r) the second derivative of rip a (r) is positive implying 

G" v (s) > for s < 1. (4.4.16) 
Combining this with the equality G'^ (0) = from (14.4.141) we readily obtain 

G'{s) > for s < 1. (4.4.17) 

^From the relations (I4.4.9[) . (14.4.141) . (14.4.151) we also obtain 

G'(s) < if s > 1. (4.4.18) 

We remind the reader that the sign of the G' (s) according to the representation (14.2.91) for 
nonlinear self-interaction force density / 4 nl controls its direction. 

4.5 Examples of nonlinearities 

In this section we provide two examples of the form factor ip for which the form factor 
potential <p and the corresponding nonlinear self-interaction function G can be constructed 
explicitly. The first example is for the form factor ip (r) decaying as a power law as r — > oo. 
In this case both <p and G are represented by rather simple, explicit formulas, but some 
properties of these functions are not as appealing. Namely, the variance of the function ip is 
infinite and the rate of approximation of the exact Coulomb's potential by ip a (x) for small 
a is not as fast. The second example is for the form factor x/j (r) decaying exponentially as 
r — 7- oo. In this case the representations for ip and G are more involved compared with the 
power law form factor but all the properties of ip and are satisfactory in any regard. 
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4.5.1 Nonlinearity for the form factor decaying as a power law 

We introduce here a form factor ■0 1 (r) decaying as a power law of the form 



where c pw is the normalization factor, 

31/2 



(4tt) j 



This function evidently is positive and monotonically decreasing as required. Let us find now 
G'y (s) and G' based on the relations (14.4. 11 [) . An elementary computation shows that 



15 / 3 ° 4/5 \ ° 1+4/5 



v2 ^ = TjrA l -^T)^ 

implying 



Ac y 



„, , , 15s 2 ' 5 45s 4 ' 5 „ , . 75s 7 ' 5 25s 9 ' 5 , , , 

C'v W = ~ -57T • Gv (.) = — ^ - for < s < e 2 w . (4.5.2) 

To determine G' we find by a straightforward examination that function 

Cpw 

solves equation 

2 ° ° 2 

v = -4^-01, 
and that together with (14.4.111) yields 

„l/5 5s 6 / 5 
G' v (a) = -5^, G„ (s) = -5^, for < a < cj w . (4.5.4) 

Cpw C)Cpw 

Observe that the both components G' v (s) and G"^ (s) in (I4.5.2p . (I4.5.4P of the total nonlin- 
earity G' v (s) defined by (I4.4.9[) are not differentiable at s — 0. 

If we explicitly introduce size parameter a into the form factor, namely 

(cr + r^J 

then combining (14.5.21) . (14.5.41) with (14.4. 12ft we obtain the following representation for the 
nonlinearity components 

„, , , 15s 2 ' 5 45a 2 ' 5 s 4 ' 5 

Gv - W = 4^-^T' (4 ' 5 - 6) 



75s 7 ' 5 25a 2 ' 5 s 9 ' 5 , 
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s l/5 c;c6/5 

00 = "1^75 > G - ( s ) = ^17^ fo^O < S < c^a" 3 . (4.5.7) 



o 2 

Notice that the variance of the form factor ijj x (|x|) decaying as a power law (14.5. ip is infinite, 



i.e. 



„2 poo , 



IxP^dxl) dx = 4?r / rr 4 dr = 3 / -rr 4 dr = oo. (4.5.8) 

/o (l + r 2 ) 5/2 Jo (l+r 2 ) 5/2 

4.5.2 Nonlinearity for the form factor decaying exponentially 

We introduce here an exponentially decaying form factor ^ 1 of the form 

fa ( r ) = c e e-( r2+1 ) 1/2 (4.5.9) 
where c e is the normalization factor, 

4vr / r 2 e~ 2(V+1 ) dr ) ~ 0.79195, 



Evidently ip l (r) is positive and monotonically decreasing as required. The dependence r (s) 
defined by the relation (14.5.91) is as follows: 



[In 2 (c e /v^) - 1] 1/2 , if < fa (0) = c c e-\ (4.5.10) 



An elementary computation shows that V 2 ?/^ = —Wil) l where 



W = 2 — + j^— + X — - 1, (4.5.11) 

( r 2 + i)3 (r 2 + l) ( r 2 + 1 )2 



implying 



G' v (fa (r)) = -W (r) = 1 r - - T -— r . (4.5.12) 

( r 2 + 1 )2 (r 2 + l) ( r 2 + 1 )2 

Combining ( 14.5. 10ft with (14.5. 12ft we readily obtain the following function for y/s < c c e~ L ~ 
0.29134 

~ 4 4 8 



G ' V ' 1(S) * ln(c 2 / S ) ln 2 (c 2 / S ) ln 3 (c 2 / S ) 
which is evidently monotonically decreasing. We extend it for larger s as follows: 



(4.5.13) 



Gv,i ( s ) = G v,i ( c y 2 ) = -3 if > Cce- 1 . (4.5.14) 

The relations (14.5. 13)) and (14.5. 14)) imply G' v x (s) takes values in the interval [1, —3]. It also 
follows from ( 14.5. 131) that 

GL i (s) — 1 — -4t" as s ^ 0, (4.5.15) 
In 1 / s 

implying that the function G' v x (s) is not differentiable at s = and consequently is not 
analytic about 0. 
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To determine the second component G'^ we need to solve (14.4. lip . Using the fact that 
if) l are radial functions we obtain the following equation for (f l (r) 



^(^ 1 ) = gCc V^. 



(4.5.16) 



We seek a solution of equation (14.5. 161) that is regular at zero and behaves like the Coulomb's 
potential - for large r. Taking that into account we obtain after the first integration of 



d r (rfo) = vrgc 2 1 + 2 (r 2 + l) 



1/2' 



-2 r 2 +l 



and integrating (I4.5.17P yields the ultimate formula for the form factor potential: 



<Pi ( r ) 



9 pr 

7iqc 2 e ' 



l + 2 (r 2 + l) 1/2 e- 2 W +i r~dn 



1/2 



(4.5.17) 



(4.5.18) 



1 + 2 (rf + 1) 



1/2' 



-2 ri+1 



1/2 



dri 



The above formula shows that the form factor potential tp l (r) is exponentially close to the 
Coulomb's potential q/r for large r. But if we use the substitution (rf + 1) 1//2 = u in the 
second integral in (14.5.181) we can recast tp 1 (r) in even more convenient form for estimations 
of its proximity to the Coulomb's potential q/r, namely 



vrgc 2 



1 + 2 (r 2 + 1) 



1/2 



2r 



vrgc 2 



(2m + 1) 



T-w 



-2^/2 



-2(r 2 + l 



2w 



,V2 



" 2u du. 



(4.5.19) 



Then, based on the relation (14.4. lip and (14 .5.181) . we find consequently 



l + 2(r 2 + l) 1/2 e-^+^^dn 



1/2 



(4.5.20) 



where 



r (?/>) = [In 2 (ce/V>) - 1] V2 for V> < 
We extend G' x (V> 2 ) for larger values of ip as a constant: 



<p(r) 



o g 



37rc 2 e- 2 ~ 0.79998, for i/; > c e e _1 . 



(4.5.21) 



Using the representation (14.5. 19[) we obtain the following formula for G' v 1 

1 7T [1 + 2 In (c c /^)] ^ 2 



[ln 2 (c e /^)-l] 1/2 2[ln 2 (c c /^)-l] 1/2 

(2u + 1) 



(4.5.22) 



7rc; 



[In 2 (ce/0) - 1] ^ ln (cc/V) 



1 — ti 



-2^/2 



2u 



e~ 2u du. 
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To find G' a (s) for arbitrary a we use its representation (14.4.131) . i.e. 



G' 1 (ah) 2G' x [a 3 s) 
G' a (s) = ^ - (4.5.23) 



cr aa x 



and combine with the formulas (14.5. 13ft and ( 14.5.22ft . We don't write the final formula since 
it is quite long but it is clear from formulas (14.5. 13ft and (14. 5. 22ft that G' a (s) does not depend 
analytically on s at s = 0, and that the following asymptotic formula holds 



G °M-M^ + £> in( C g/W °"" - (4 - 5 - 24) 



The variance of the exponential form factor ip 1 (r) is 

/ |x| 2 ^(|x|) dx = 4vrc 2 f rV 2 ( r2+1 ) 1/2 dr ~ 3.826 8. (4.5.25) 
Jk 3 Jo 

4.6 Form factor potential proximity to the Coulomb's potential 

In this subsection we study the proximity of the potential form factor {p a (|x|) to the Coulomb's 
potential qj |x| for small a. This is an important issue since it is a well known experimental 
fact that the Coulomb's potential qj |x| represents the electrostatic field of the charge very 
accurately even for very small values of |x|. 

According to the rest charge equation (12.3.81) and the equation (I2.3.7P the potential 
0a(l x l) = £a(l x l)/<? satisfies 

V 2 a (|x|) = -47r^(|x|), 

hence 

° 2 

*.(W)= / ?^dy>0. (4.6.1) 



In view of the relations (14.4.11) the dependence of the potential <f) a (r) on the size parameter 
a is of the form 

a (r) = a ~Vi (a"V) , (4.6.2) 

and consequently its behavior for small a is determined by the behavior of <p 1 (r) for large r. 
To find the latter, consider the radial solution ( (r) to the Poisson equation 

7 \ 2 

a \ . . - ,2 



- ( ^ ) C (r) = -47^ (r) , C (r) = r<f> x (r) , r > 0. (4.6.3) 

We seek a solution ( (r) to the above equation that is close to the Coulomb's potential 1/r 
and hence satisfies the following condition 

( (r) = r<p 1 (r) — > 1 as r — > oo. (4.6.4) 

Taking into account (14.6.4j) when integrating equation (I4.6.3P twice yields 

roc poo a 2 roo o 2 

C (r) = 1 — 47r / / ri^! (ri) dridr2 = I — Air (r\ — r) r 1 ?p 1 (ri) dr 1; (4.6.5) 



''2 
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where the second equality in (I4.6.5P is obtained by rewriting the preceding repeated integral 
double integral and changing the order of integration, namely 



° 2 



r i' l Pi ( r i) dridr2 = / / riip 1 (ri) dr 2 dri = 

J r J r 

o 2 

(ri — r) r 1 ^ 1 (r x ) dri. 
In view of the charge normalization condition (14.4. 2ft we readily obtain from ( 14.6. 5ft 



C (0) = 1 - 4vr / r?V>! (n) dri = 1 



° 2 



^ 1 (|x|)dx = 0. 



(4.6.6) 



The representation (I4.6.5P for £ (r) = r<p l (r) readily implies the following representation for 
the potential 4> l (r): 



0i ( r ) = r 



1 -4vr 



(rx — r) ri^ x (r x ) dri 



(4.6.7) 



Combining (I4.6.7P with (I4.6.6P we conclude that <p 1 (r) is regular for small r > 0. Using 
( I4.6.7P once more we obtain the following expression for the difference Dc between (p 1 (r) 
and 1/r 

1 47T f°° .2 

Dc (<f>x) = 0i (r) = / (ri - r) r^i (n) dri. 

r r J r 

The relation ( I4.6.8P together with ( 14 . 6 . 2 [) implies 

, , 1 4?r ' oc 



(4.6.8) 



c 



r - 



° 2 



(ri — a r) r±ip 1 (ri) dri, 



(4.6.9) 



showing in particular that the difference Do becomes small for small a. More precisely, if ip 1 
decays exponentially as in ( 14.5. 9p then 



\DcM (r)\ 



<Pai r ) 



< 



(4.6.10) 



< 



< 



47T 

r 



(ri — a -1 r) riC 2 e e~ 2 V" 1+l > dri 



a~ L r 
2„-2a- 1 r /-oo 



(ri + a V) rie 2ri dri 



= 7rcg(a V + l) c _ 2a -i r 
r 

For instance, for r > 10a the difference Dq between the potential <p a (r) and the Coulomb's 
potential 1/r is extremely small: 



\DcM (r) 



(a~ l r + 1) e" 2a V < 4.4674 x 10" 



° 2 



Similar estimates for the power law decaying as in (14.5. 1 1) yields 



\Do{4>a) (01 



r - - 

r 



1 

< - 



3 (ri — a r) r\ 



dri 



(4.6.11) 



(4.6.12) 



poo 

r 



a -i r \r 1 



3a r 



dri 



1 / 3a 2 3cr 



r V 2r 2 5r 3 
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implying 



\D. 



c 



0.009 r 
< , tor r > 10a. 



Notice that if we would take ip 1 (r) = for all r > r , as it is the case in the Abraham-Lorentz 
model, the formula (14.6.71) would imply that <p a (r) would be exactly the Coulomb's potential 
for r > arQ. But for such a ip l (r) we would not be able to construct the nonlinear self- 

interaction component G' v which would satisfy (14.4. lip since it requires ip l (r) to be strictly 
positive for all r > 0. 



4.7 Energy related spacial scale 

An attractive choice for the spacial scale can be obtained based on the requirement that the 
total energy £ u/n of the resting dressed charge defined by the expression (I4.2.13P be exactly 
0, which readily reduces to the requirement 

e x ($)=e 2 {$>), (4.7.i) 

where 



S 1 U 



2m 



dx, £ 2 (^) = ^ / (v^r'dx 



(this condition is similar to (12.1. lip ). Plugging ip = ip a and ip = dp a defined by (14.4.11) into 
the equalities (I4.7.ip we obtain 

£i (k) = a~ 2 £i (k) , £2 (£«) = a- x £ 2 (&) = a~ l q 2 £ 2 (</» x ) , X = g" 1 ^. (4.7.2) 



Hence, the requirement £\ yipj = £2 (<£>) in view of the relations (14.T.2I) is equivalent to the 
following choice of size parameter a, with 



fit/' 



£1 Ui ) Aix X 2 i« 3 



dx 



£2 (fa] 



/rsWi) dx 



(4.7.3) 



VV1 



dx 



A-fv^) dx 



-, a x 



2 ' 



Since the functions ipi,4>i in the above relations are radial, the Dirichlet integrals in (I4.7.3P 
can be recast as 



dx i,JT I (dr {ri>\ (r) 



dr 



(4.7.4) 



with the similar formula for X . We refer the space scale in (14.7.31) obtained based on the 
equality £\ r0j = £ 2 ($>) as energy-based spacial scale. 

The energy-based spatial scale defined by (14.7.31) for the power law form factor (14.5. ip 
o«iP = #v a X' with 



(4.7.5) 



47r/ R 3(V^ij dx 40 
Oj, = ^ — -4 = — ~ 1. 8189. 



/rs Wi dx 



7tt 
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For the exponentially decaying form factor we get = 0^a x with 

64 ~ 1. 2473 

Note that the energy based spatial scales for power law form factor and exponential form 
factor are of the same order, though their variances are absolutely different (infinite variance 
for the power law as in (14.5.11) ). 



5 Accelerated motion of a single nonrelativistic charge 
in an external EM field 

The key objective of this section is an extension of the wave-corpuscle representation defined 
by formulas ( 14.3. ip . (14 . 3 . 2 [) to the case of a single nonrelativistic charge accelerating in an 
external EM field. Here we discuss in detail results sketched in Sections 12. 3[ 12.41 Recall 
that as in (14.0.61) we neglect the charge's own magnetic field and set A = taking into 
account only external magnetic field. In the case of a general external EM field no exact 
closed form solution to the field equations seems to be available, but there is an approximate 
wave-corpuscle solution and its accuracy is a subject of our studies in this case; this solution 
is exact for special external fields. 

The total EM fields are described by their potentials ip, A which involve potentials of 
the external field and particle's own field, namely 

ip = p ex + Lp, A = A ex . (5.0.6) 

The nonrelativistic Lagrangian Lq for the charge in external field is obtained from the one for 
the free charge in (I4.0.6P by modifying there the covariant derivative to include the external 
potential, namely 

i r,v) = f i [rdt*p - m*} - ^ {wv + g (v*vo } - (5.0.7) 

where 

d t = d t + ^, v = v-^, * = flfc-^, v* = v + igAcx 



X Xc X Xc 

This modified Lagrangian remains to be gauge invariant with respect to the transforma- 
tions (I4.0.9P and the general formulas (lll.7.12p -( lll.7.15|) for the charge and current densities 
applied to the Lagrangian L yield J M = (cp, J) with 

p = qiptp*, J = — UvV - il)*Vip] = (5.0.8) 
2m L J 



2m mc \m ip mc 

This current satisfies the conservation/continuity equations d v J u = which take the form 

O t p + V-J = 0. (5.0.9) 
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The Euler-Lagrange field equations in this case are 



■Xidti) = — [-V 2 A^ + G' (if>*i/i) ip 
2m L 

— Aip = Anqi/ji/j* , 



(5.0.10) 
(5.0.11) 



where G' (s) = d s G and, as always, ip* is complex conjugate to ip. Then the field equations 
fl5.0.10p -f l5.0.1ip can be recast as the following field equations 



ixd t ip 



2m 



mci 



1yP + Vex + 

-47rg \ijj\ 2 . 



2mc 2 ) 



if) + 



2m 



(5.0.12) 
(5.0.13) 



As in the case of a free charge we set the total conserved charge to be exactly q and, similarly 
to (14.0.141) . we have the following charge normalization condition 



dx = 1. 



(5.0.14) 



The presence of the external EM field turns the dressed charge into an open system with 
consequent subtleties in the treatment of the energy-momentum. All elements of the proper 
treatment of the energy and momentum densities in such a situation are provided in Section 
111.71 and we apply them to the Lagrangian L Q defined by (I5.0.7p . An instrumental element 
in the analysis of the energy-momentum tensor is its partition between the charge and the 
EM field. In carrying out such a partition we are guided by two principles: (i) both the 
energy-momenta tensors and the forces have to be gauge invariant; (ii) the forces must be of 
the Lorentz form. The second principle is evidently special to the EM system consisting of 
the charge and the EM field. 



5.1 Wave-corpuscle concept for an accelerating charge 

In Section l4T3l we introduced a wave- corpuscle by the relations (I4.3.ip . (14.3.21) for a free moving 
dressed charge. In this section we study wave- corpuscles in an external EM field. Recall that 
the wave-corpuscle (14.3. II) . ( 14.3.21) for a free moving dressed charge is an exact solution to 
the fields equations (12.3.31) . ( 12.3.41) . and when constructing the wave-corpuscle for a dressed 
charge in external EM field we also want it to be an exact solutions to the field equation 
(I5.0.12p - (l5.0.13p . It turns out that it is possible if the external EM field is a homogeneous 
electric field, but no closed form solution seems to be available for a general external EM field 
as defined by its potentials <£> ex , A ex . To describe explicitly the class of external EM fields 
for which wave- corpuscles are exact solutions, we introduce auxiliary field equations. If the 
coefficients of the auxiliary field equations are linear functions of spacial variables, we write 
explicit solutions. The coefficients of the auxiliary field equations are in a simple, explicit 
correspondence with the coefficients of the original field equations, therefore we obtain wave- 
corpuscles which exactly solve original ones (15.0. 1 2 1) - (1 5 . 0.131) for certain classes of external 
EM fields. If external EM fields are general, we construct a wave- corpuscle so that it exactly 
solves properly defined auxiliary field equations which differ from the original ones \5.0.12^ - 
115.0. 13\) by an explicitly defined discrepancy D, based on which we judge the accuracy of 
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the approximation. Executing this plan we introduce the following system of auxiliary field 
equations 

^ = -- ^ —— + + V + (5-1.1) 

VV = -47rg|^| 2 , 

where the auxiliary potentials (p ex (t, x), A cx (t, x) are linear in x and generally may differ 
from the original potentials y? ex , A ex . Evidently, in addition to the alteration of the potentials 
y? ex , A ex , the auxiliary field equations differ from the original ones (15.0. 12j) . ( 15.0. 13[) only by 
a single term xg 2 Ag X -^/ (2mc 2 ) (which, in fact, is absorbed in y? ex ). 

We define the wave-corpuscle if), tp by the formula similar to (14.3.11) . ( 14.3. 2ft . namely 

^(t,x) =e iS/x ij, S = mv(t) • [x-r(t)] +s p (t), $ = ^ (|x - r (t)|) , (5.1.2) 

¥> = £(|x-r(*)|). 

In the above formula ip and (p are, respectively, the form factor and the form factor potential 
satisfying (I2.3.5p . (12.3.61) ; the function r (t) is determined by the following complementary 
point charge equations 

d 2 r dr 

m-^ = gE ex (t, r) + x B ex (t, r) , (5.1.3) 

r(0) = r , §(0) = *o 



where 



d t A 

E cx = -V<^ ex — , B cx = V x A c 

c 



are based on the EM potentials of the original equations (I5.0.12p -( l5.0.13p and r , ro are 
initial data. The functions v (£) , s p (t) in ( 15. 1.2ft are determined based on the solution r (t) 
by the formulas 

di* . . q . / \ \ ds D mv 2 (t) , , 

v (t) = ^ (f) + ^A ex (r (t)) , = — ^ - ^ cx (r (t)) . (5.1.4) 

We readily recognize in the equation ( 15. 1.3ft the point charge motion in the external EM field 
equation. Notice that the function v (t) defined by the first equation in ([5. 1.$ if A cx ^ is 
not the charge velocity r (t), but it is simply related to canonical momentum p (see fl 1 1 . 1 . 1 8 p - 
( 111.1.22ft ) by the formula 

v (t) = , p = p H — A ex , where p = m — is the kinetic momentum. (5.1.5) 

m c at 

We refer to the function r (t) as wave- corpuscle center or wave- corpuscle position. Note 
that since ip is center-symmetric, this definition agrees with (16.1.22)) . 

Now we define the auxiliary linear in x potentials </? cx (£, x), A ex (t,x) by the following 
formulas 

Vex = Vo.cx (*) + f' ,ex (*) * ( X ~ r (*)) , (5- 1 - 6 ) 

where 

Vo.ex (t) = Vex (t, T (<)) , Vo,ex (t) = V<^ cx {t, V (t)) , 
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and 

A cx = A CXi0 (t) + -B (t) x [x - r (t)] , (5.1.7) 

where 

A CXi0 (t) = A ex (t, r(t)), B (t) = [V x A ex ] (t, r (t)) , 

The verification of the fact that the wave-corpuscle defined by the relations ( I5.1.3p - (j5.1.5p 
is either exact or an approximate solution to the field equations (I5.0.12l) - fl5.0.13p with esti- 
mated accuracy is carried out in the following sections. 



5.2 Energy-momentum tensor 

The canonical energy-momentum for the EM field is obtained by applying the general 
formula (jll.2.5j) to the Lagrangian L , yielding 



L *3 



cgi 

-hi 
-T31 



C92 

-T12 

~T 22 
-f 32 



-T&13 

-ra 2 3 
-ra 33 



w 

C _1 Si 



s 2 





--Til 

-hi 
-hi 





-T 22 
-f 32 





-T13 
"T 23 
-T33 



(5.2.1) 



with 



, g 3 - = 0, 



57T 4vr TjJ 4tt 8tt 1 ° J 4vr 

The gauge invariant energy-momentum of the EM field takes the form 



diipdjip 



(5.2.2) 
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c#3 
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-Til 
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-Tl 2 


-T13 


c" 1 s 2 
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-T31 


_ r 32 


— r 33 
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-T33 



(5.2.3) 



w (t, x) = w (x) + 



J (t',x) • Vif (t',x) 



dt', gj = 0, a, = 0, 



T 



'J 



dicpdjcp _ dfa |Vyj|' 



47T 



47T 



S7T 



(5.2.4) 
(5.2.5) 



The canonical energy- momentum tensor T^ u is not gauge invariant, but the following decom- 
position holds for it 

f"" = + -J»A\ A" = (<^ ex + cp, A cx ) , (5.2.6) 
c 

where T^ v is a gauge invariant energy-momentum obtained from formula flll.7.20p applied 
to the Lagrangian Lq yielding 



u 

-17. 



cpi cp 2 cp 3 



C ^1 -an -0"12 -0"13 
C^ 1 S 2 — CT 2 i — <7 22 -CT 23 
C _1 5 3 -5-31 -5"32 -033 



where 



(5.2.7) 
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u 



2m 



W> ■ V tp* + G (V>» 



(5.2.8) 



Pj = f - , ~ Sj = + d^V) , J = 1, 2, 3, (5.2.9) 

and the stress tensor components are represented by the formulas 



2 

oa = u diipd-ifj* + — ( ipd t tp* - i>*d t i\) 

m 2 

hi = (4*$^ + ' j for '' t J '-J 1-2. 3. 



(5.2.10) 



It follows from fl 5 . . 8 1) and (15.2.91) that the charge gauge invariant momentum P equals 
exactly the microcurrent density J multiplied by the constant m/q, namely the following 
identity holds 



m . 



2 



W> qA\ 2 
Xlm— V 



which can be viewed as the kinematic representation of the momentum density 

P = mv, v = J/q. 



(5.2.11) 



(5.2.12) 



So we refer to the identities (I5.2.11I) - (I5.2.12I) as momentum density kinematic representation. 

Using the field equations we can also verify that the following conservations laws for the 
charge and its EM field hold: 



V 

ex i 



where 



(5.2.13) 



r 



-J ■ E,pE 



J ex 



-J • E ex , pE ex H — J X B c 

C C 



(5.2.14) 



We readily recognize in f u and f£ x in equations (15.2. 1 3f) respectively the Lorentz force densities 
for the charge in its own and the external EM fields. We also see to our satisfaction from 
the first two equations in (15. 2.13ft that the Newton's principle "action equals reaction" does 
manifestly hold for all involved densities at every point of the space-time. 



5.3 Point charge mechanics via averaged quantities 

Combining now the conservations laws (15.2. 13ft with energy-momentum tensors representa- 
tions (I5.2.3p - (l5.2.5p and ( 15 . 2 . 7p - (16 . 2 . 29 [) we obtain the following equations for the total dressed 
charge momentum density P = (P 1 , P 2 , P 3 ) and the energy density U 

d t P l = d t (f + g i ) = J2 d i + T v) + ( P E « + - J x B *) , * = 1,2,3, (5.3.1) 

3=1,2,3 V c / 
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d t U = d t {u + w) = - d j (*i + si) + J • E ex . (5.3.2) 

j=l,2,3 

Integrating the above conservation laws over the entire space IR 3 we obtain the following 
equations for the total momentum P and the total energy E 



dP 



pE ex + - J X B c 
c 



(t,x)dx, (5.3.3) 



^7 = / J • E cx (t, x) dx. 

M 7lR3 



Let us introduce a charge average position r (t) and average velocity v (t) by the following 
relations 

r(t)= / x|^(t,x)| 2 dx, (5.3.4) 

v(t) = - / J(t,x) dx. (5.3.5) 



9 

Then using the charge conservation law (15.0.91) we find 
dr (t) 



dt 



[ -xdt M 2 dx = -- I xV-Jdx=i/" Jdx = v(t). (5.3.6) 
Jrs 9 Jr3 q J R 3 



Utilizing the momentum density kinematic representation ( 15.2. 1 l|) -f !5.2. 12j) and the fact the 
momentum density of the charge's EM field is identically zero according to (I5.2.4P we ob- 
tain the following kinematic representation for charge and hence the dressed charge total 
momentum: 

m f 

P(t) = — / J (t, x) dx = mv (t) . (5.3.7) 

Notice now that for the spatially homogeneous EM fields E ex (t) and B ex (t) the equations 
(I5.3.3P take a simpler form 

^ = gE cx (t) + ^ x B cx (t) , (5.3.8) 
dt c 

^ = gv(t)-E cx (t). 

In addition to that, in this case combining the first equality in ( I5.3.8P with the momentum 
kinematic representation (15.3. 7|) we get 

dmv • v dmv . . . 

— =V . — = 9I .- Em{t) , (5.3.9) 

and this combined with the second equality in ( 15. 3. 8ft implies the following energy kinematic 
representation: 

TTiV • V 

E = — h constant . (5.3.10) 

Combining the relations ( I5.3.6p - (l5.3.8p we also obtain 

d 2 r (t) . . q dr (t) . 

m ^ = 9 E cx (f) + ^xB cx (t), (5.3.11) 

50 



in which we recognize the point charge in a homogeneous EM field dynamic equation with 
the familiar expression for the Lorentz force. Notice the above found correspondence between 
field quantities and point mechanics quantities via the charge position and velocity defined as 
average values (I5.3.4p is similar to the well known Ehrenfest Theorem in quantum mechanics, 
[Schifft Sections 7, 23]. This is, of course, not accidental as one can see from the Lagrangian 
representation of the Schrodinger wave mechanics briefly discussed in Section 111.111 The 
key argument for the Ehrenfest theorem as in our case is the momentum density kinematic 
representation A5.2.11\) - I15.2.12\) . 



5.4 Accelerated motion in an external electric field 

In this subsection we consider a purely electric external EM field, i.e. when A ex = 0, for 
which the field equations (15.0. 12p . f l5.U.13j) take the form 

iX$V> = + Q (<P + <P J 1> + ^0 (H 2 ) ^ (5-4.1) 

VV = -4vrg |^| 2 . 

In this case the wave-corpuscle is defined by the formula (15.1.21) " with the complementary 
point charge equations ( 15.1.3)) taking the form 

d 2 r (t) 

m^A2 = (? E ex (t,r), (5.4.2) 
dr 

r(0) = r o , ^(°) = f -o, 

where E ex (t, x) = — V<£> ex (t, x) , r and r are the initial data and in (I5.1.3P 

. . dr (t) ds D (t) mv 2 (t) , ... .„ „ „. 

v (t) = = - g^x (* , r it)) . (5.4.3) 

In the case when the external electric field is homogeneous we show that the wave- corpuscle 
is an exact solution to the field equations (15.4. ip . and if the external electric field is inhomo- 
geneous we show that the wave-corpuscle is an accurate approximation. Since the electric 
field homogeneity plays a role in the wave- corpuscle representation, it is convenient to ex- 
tract from the external electric field potential ip ex (t, x) its linear in x part (p ex (t, x) about 
the trajectory r (t), namely we represent ip ex (t, x) in the form 

^ex (*, x ) = <^ ex (t, x) + (t, x) , where (5.4.4) 
<^cx (*, x ) = Vo, cx (t) + ^d, ex (*) ■ ( x - r (*)) , and 

^0,ex (*) = Vex (^ X )lx=r(t) > Vo.ex (*) = V x ^ ex (t, x) | x=r(t) . 

The remainder y4 x (t, x) in (I5.4.4P is defined by 

¥>« (*> x ) = fe X (t, x ) - Vex {t, r) - V(f ex (t, r) (x - r) , where r = r (t) (5.4.5) 

and, consequently, it satisfiies 

^(t, x )| x=rW = 0, V^ x )(t,x)| x=r(i) = 0. 

Notice that in Section 12.31 we used a slightly different from (I5.4.4p form for the linear external 
potential ip ex (t, x), namely (p ex (t, x) = y>° x (t) — E cx (t) ■ x, where 

vl (t) = Vo, ex (*) + r (t) ■ V</? cx (t, r (t)) . 
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5.4.1 Accelerated motion in an external homogeneous electric field 



If the external field is a purely electric and homogeneous field E cx (t) then its potential 
<£> ex (t, x) is linear in x and the representation (15.4.41) turns into 



Vex (t, X) = ^ ex (t, X) = ^ ,ex (*) + Vo,cx (*) ' ( X ~ r (*)) 



(5.4.6) 



where 



Vo,e X W = V x ^ ex (r(t),t) = -E cx (t). 

The main result of this section is that the wave- corpuscle as defined by formula A5.1.fy) 
is an exact solution to the field equation ( [<5.^.i| ) that can be verified by a straightforward 
examination. One can alternatively establish that result by considering the expression for ip 
in (15.1.21) and assuming that the real valued functions r (t), v (t) and s p (t) are unknown and to 
be found, if possible, from the field equations (15.4. ip . Indeed, observe that the representation 
(15.1.21) implies 



d t ip = exp I i— 
X 



im 



— (v • (x — r) 



v • r 



X 



is, 



X 



Ip — T ■ 



(5.4.7) 



Vip = ip (x — r) 



x — r 



and by the Leibnitz formula we have 



_o / . S 

V ip = exp l— 

X 



imv 



X 



im 



if) + 2 — v • Vip + V z ip 
X 



(5.4.8) 



To find if the expression (I5.1.2p for ip can solve the field equations (15.4. ip we substitute the 
expression into the field equations (15.4. ip obtaining the following equation for functions v, 



[— mv • (x — r) — v • r — s p ] ip — ixf" • V 1 ^ 



(5.4.9) 



-^"V 2 ^ + ixV ■ V%p + ^ V2 ^ - Q (Vex + <p) i> 



2m 



G'^P = 0. 



Then using the charge equilibrium equation (12.3.8}) we eliminate the nonlinearity G in the 
above equation ( 15.4. 9ft and obtain the following equation equivalent to it: 



m 



m [v • (x — r) — v • r] + — v + s p + q(p ex > ip — i% (f — v) Vip = 0. 



(5.4.10) 



Now to determine if there is a triple of functions {r (t) , v (t) , s p (t)} for which the equation 
(15.4. 10p holds we equate to zero the coefficients before Vip and ip in that equation, resulting 
in two equations: 



m 



r, m [v • (x - r) - v ■ r] + yv 2 + s p + q& e 



0. 



(5.4.11) 



where, in view of the representation (15.4.6(1 . the second equation in (15.4. lip can be recast as 



777,'V 

[v • (x - r) - v • r] + s p + + q [^ 0jex + (p' 0}l 



ni 



0. 



(5.4.12) 
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To find out if there is a triple of functions {r (t) , v (t) , s p (t)} solving the equation ( 15.4. 12[) 
we equate to zero the coefficient before (x — r) and the remaining coefficient and obtain the 
following pair of equations 

2 

777, v 

TTiv = -qcp 0>ex (t) , s p - mv • r + — + qcp 0ex (t) = 0. (5.4.13) 

Thus, based on the first equation (15.4. lip and the equations (15.4. 13[) we conclude that the 
wave-corpuscle defined by the formula (I5.1.3P with the complementary point charge equations 
(15.4.21) . (15.4.31) is indeed an exact solution to the field equations (15.4. II) . 

It is instructive to compare now construction of the exact solutions (15 . 1 .21) with the 
quasi-classical approach based on the WKB theory. The trajectories of the charges centers 
as described by our model coincide with ones obtained based on the well-known quasiclassical 
asymptotics if one neglects the nonlinearity. Note though that there are two important effects 
of the nonlinearity that are not presented in the formal quasiclassical approach. First of all, 
due to the nonlinearity the charge preserves its shape in the course of evolution whereas in the 
linear model any wavepacket disperses over time. Second of all, the quasiclassical asymptotic 
expansions produce infinite asymptotic series which provide for a formal solution, whereas the 
properly introduced nonlinearity as in (I2.3.5p . (I2.3.6|) allows one to obtain an exact solution. 
For a treatment of a nonlinear wave mechanics based on the WKB asymptotic expansions 
we refer the reader to [Komech05] and references therein. 



5.4.2 Accelerated motion in an external inhomogeneous electric field 



In this section we consider a general external electric field E ex (t, r) which can be inhomoge- 
neous with the corresponding electric potential y? ex (t,x) as described by relations (I5.4.4p . 
(15.4.51) with nonzero remainder (p^ (t, x). For an inhomogeneous external electric field 
E ex (t, r) no closed form solution to the field equations (15.4. ip seems to be available but 
the wave-corpuscle defined by the relations (1 5 . 1 . 2 [) with complementary point charge equa- 
tions (I5.4.2p . (I5.4.3P turns out to be a good approximation with the accuracy dependent on (i) 
the size parameter a defined by relations (14 .4.11) and (ii) the degree of spatial inhomogeneity 
of the electric field measured by the electric field inhomogeneity length i? ex introduced below. 
The parameter R ex is similar to the radius of curvature of the graph of (p ex (t, x), and large or 
small values R ex correspond, respectively, to almost homogeneous or highly inhomogeneous 
electric fields. It turns out that the wave-corpuscle solves the field equations (15.4. 1 [) with the 
discrepancy D = O ((a/R eyL ) 2 ) for a <C R ex as we show below. We fix now for the rest of this 
section the initial data r and v in ^5.4-^ ) and consequently the function r(t). We assume 



here that the factor 
constant C 



iMM) 



decays exponentially as |x| — > oo, and, in particular, for some 



MM) 



|x| dx < C , 



MM) 



Ixl dx < Cn 



(5.4.14) 



To assess the accuracy of the wave- corpuscle solution defined by relations (I5.1.2p . (15.4.21) . 
(15.4.31) we follow an approach discussed in Section I5TT1 Namely, we introduce write auxiliary 
field equation (15.1.11) with A ex = in the form 



ixdti> 



2m 



VV = -4irq\ip\ 2 , 



2m 



0. 



(5.4.15) 
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where (p cx (t,x) is defined by (15.4.41) . In view of the relations (15.4. 6p the corresponding 
external field E ex (t) = — V x y2 cx (r (t) , t) is homogeneous. A straightforward examination 
shows that the results of Section 15.4.11 apply and the wave- corpuscle defined by (I5.1.2P with 
complementary point charge equations (15.4.21) . (15.4.31) is an exact solution to the auxiliary field 
equations (15.4. 15j) . Now notice that the auxiliary field equations differ from the original ones 
(15.4.11) only by the replacement of <p ex (t, x) with ip ex (t, x) with the consequent discrepancy 

D (t,x) = q [<p m (t, x) - y? ex (t , x)] V (*, x) = -q^ (t, x) if, (t, x) . (5.4.16) 

Based on the above discrepancy and taking into account the dependence on size parameter 
a for %[) = %p a as, in (14.4.11) we introduce the integral discrepancy 



D = / D Q (t, x) i/j* dx = / -q^ 1] (t,x)^*dx (5.4.17) 

JR3 J R 3 

= / -qa~ 3 fa (a' 1 |x - r|) p« (t,x) dx. 

Notice that the relations (15.4.41) for (p ex (t, x) and the charge normalization condition (15.0. 141) 
imply that a similar integral involving (p ex equals 

/ g^ ex (t,x)|Vf dx = ^ ex (t,r(t)), (5.4.18) 

which coincides with the potential energy of a point charge q in the potential ip cx (t, x) , 
therefore it is natural to compare D with variation of this energy in the dynamics. To assess 
typical scales of inhomogeneity of the external field we introduce the potential variation 
quantity 

£o,t = max |^ ex (t, r (t)) - Vcx (0, r (0))| . (5.4.19) 

Note that \q\ (p QT equals the point charge potential energy variation on time interval [0,T] . 
We also introduce a parameter which plays a role similar to 3a for Gaussian probability 
but with respect to the function ■0 1 (\z\) 2 in (14.4.11) . namely 

V> x (r) ~ if r > a^. (5.4.20) 

The above approximation means that the discrepancy created by replacing (r) by zero for 
large r is smaller than other discrepancies that appear below. 

Let us introduce the following characteristic lengths R v (t, r) and R v similar to the radius 
of the curvature: 



<pQ (t, r + z) 



1 1 

max — — — , (5.4.21) 



where 



m{t,v) 0<| S ^ Z 2|^| ' R% o<t<TRl(t,r(t)) 



\(p\ = max max \tp (t, r (t) + z) - ip (0, r (0))| . (5.4.22) 

0<t<T0<|z|<ao-^ 



The quantity R v represents the typical spatial scale at which the spatially curvilinear com- 
ponent (fix (t,x) of the external field <fi ex (t, x) changes significantly in a vicinity of r(t). 
For small a the quantity R v is essentially determined by the maximal eigenvalue |A max | of 
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the matrix of the second spatial derivatives of ip ex (t,x) at x = r(t). In addition to that, 
R v (t, r) — > 1/ |A max | as a — > where 1/ |A max | is the minimal curvature radius of the graph of 
the normalized potential tp£t (t, x) / \<p\ at the point r (t). It follows from f 1 5 . 4 . 5 j) and ( 15.4. 2ip 
that 1 / is bounded as long as the curve r (t) is not close to singularities of the external 
field <f ex (t, x) if any. Then we estimate the integral discrepancy as follows: 



< 



|g| |y 

R 2 



^ 1 (gT 1 |x - r|) <p)J (t, r + x — r) dx 



(5.4.23) 



-i 



i) 



r) dx < Co R2 



Combining inequality (I5.4.23P with relations (15.4. 18|) . (15.4. 19|) . ( I5.4.22p we can judge the 
quality of approximation by requiring the relative dimensionless discrepancy LD | / [\q\ <^o,t) 
to be small, namely 



Dn 



< 



a 2 \ip\ 



\q\ ¥o,t ~ R%Vo:. 



<C 1 is a requirement for an accurate approximation. 



(5.4.24) 



For further applications we briefly consider an effect on the discrepancy of a perturbation 
of the external potential y? ex (t, x) when it is substituted with a slightly different potential 
CX (t, x, e) with e being a small perturbation parameter and the approximate solution is 
determined based on <£> ex (i, x) = ex (t, x, 0). Supposing the initial data r , r and hence 
the position function (trajectory) r (t) solving the equation of motion (I5.4.2p being fixed we 
assume that there exists fixed positive constants C, C\, T and e\ such that for any small e 
we have 

\<p ex (t, x) - ex (*, x, e) | < Cie, |Vy? ex (t, x) - V0 ex (t, x, e) | < Cie, (5.4.25) 
for any t and x such that 

|x-r(t)| < ei, < t < T. 

The above condition simply requires the external perturbed field potential to be close to 
the original one in a small vicinity of the trajectory r (£). Substitution of the original wave- 
corpuscle solution {ip, ip} defined by (I5.1.2p (corresponding to e = ) and the original com- 
plementary point charge equations of motion (15.4.21) for r (t) into the equation (15.4.11) with 
the external potential (p ex (t, x, e) produces the total discrepancy 

D (t, x) = Do (t, x) + D x (t, x) , D x {t, x) = - [tp m (t, x) - ex (t, x, e)] V- (5.4.26) 

Note that if a is small aa^ < E\ and using (I5.4.25P we get 

A(i,x)V*dx < f |^ ex (t,x)-0 cx (t,x, e )||^| 2 dx (5.4.27) 



/ IVex(*> x ) -0ex(^ X ,e)l IV'I 2 dx 

R 3 ./|r-r(t)|<ei 

< sup |</? ex (t, r) - ex (i, r, e) | < C^e, 

|r-p(t)[<ei 

where Ci/ |^>| is a dimensionless constant. Combining (I5.4.23|) . (I5.4.26|) . ( I5.4.27P we get the 
following rough estimate 



b (t,x) 


+ 


bi (t,x) 









(5.4.28) 
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It is instructive to look at the trajectory r (t) determined from (I5.4.2P for previously 
constructed exact and approximate wave-corpuscle solutions from another point of view. 
Namely, let us introduce a moving frame y = x — r (t), where r = r (t), s p = s p (t), v = v (t) 
solve f)5.4.2p . (I5.4.3|) . Notice that the origin of the new frame is at the center r (t) of the 
wave-corpuscle. Let us change variables in equations (15.4.11) 

ij (t, x) = exp ( + ^ j $ (t, y) , <p (x) = <p (y) , (5.4.29) 

where ip (t, y) is a new unknown function. Then repeating the above calculations (without 
using ( 12.3.8B ) we obtain an equivalent equation of the same form as (15.4. ip . namely 

ixdt^ = + q{(p + £ ex ) $ + ^G' (\^\ 2 ) fa (5.4.30) 



2 

1> • 



with an external potential (p ex (t, y) which satisfies an additional condition <p cx (0) = 0, 
V<£ ex (0) = 0. If the original potential ip ex (t, x) is linear in x, the external potential </? ex (t, y) 
in the moving frame vanishes, i.e. <^ ex (t, y) = for all t, y. In this case (I5.4.30P coincides 
with the equilibrium condition (I2.3.8p . hence ip = if) and the wave- corpuscle rests at the 
origin of the moving frame. 



5.5 Accelerated motion in a general external EM field 

In this subsection we consider a single charge in a general external EM field which can have 
nonzero magnetic component. The primary goal of this section is to show that the wave- 
corpuscle defined by relations (I5.1.2P and the complementary point charge equations (I5.1.3p . 
(I5.1.4p is an approximate solution to the field equations (15.0. 12[) . (15.0. 13H . We accomplish 
this by following the method of Section 15. ip and showing first that the wave-corpuscle is an 
exact solution to the auxiliary field equations (I5.1.ip and then provide estimations of the 
discrepancy between the auxiliary and the original field equations (I5.0.12p . (15.0. 13|) . 



5.5.1 Wave-corpuscle as an exact solution 

In this section we show that the wave-corpuscle defined by relations (I5.1.2P and the com- 
plementary point charge equations ( 15 . 1 . 3 j) . ( 15. 1.4ft is an exact solution to the auxiliary field 
equations (15. LID . One way to do that is to plug in ip, ip defined by the formulas ( 15.1. 2D into 
the auxiliary field equations (15.1.11) and, using the complementary point charge equations 
( I5.1.3p . ( I5.1.4p . verify that the equality does hold. An alternative and more instructive, we 
believe, way to accomplish the same goal is (i) to assume for the sake of the argument that 
the point charge functions r (t), v (t), s p (t) are unknown; (ii) to find out if there is a way 
to choose those functions so that the wave-corpuscle fields ip, ip solves exactly the auxiliary 
field equations ( 15.1.1P ; (iii) verify that the chosen r (t), v (t), s p (t) satisfy the complementary 
point charge equations. Following this way we substitute ( I5.1.2P into (I5.1.ip and obtain the 
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following equation for r, v, s p : 



i {im [v • (x — r) — v ■ r] + is p } ip — f\r • 



i x — r 



x — r 



rov 2 ^ x — r x 2 V 2- ^ 
7\ 1- ' l XW v " i r H ~ 1- 



x — r 



+ 



qvifj xqi\) x — r 



mci x — r 



A eXi o + 



2m 

B n x fx - r) 



(5.5.1) 



Taking into account the obvious identity (x — r) ■ [B x (x — r)] = we recast the above 
equation as follows: 



[— m (v • (x — r) — v ■ r) — s p ] ip — \\i • 4> 



i x — r 



x — r 



+ ixw v ■ — — - + — — h —r— — — ■ A eXi0 + 



H — v 

c 



A 



|x — r| 
B x (x - r) 



2m 



mci x — r 



(5.5.2) 



ex,0 



XT 



Using the charge equilibrium equation fl 2 . 3 . 8 1) we can eliminate G' in equation (I5.5.2p . ob- 
taining the following equation equivalent to it: 



— [m (v ■ (x — r) + v ■ r) + s p ] 7p- 



(5.5.3) 



-iXr 



x — r * ; / mv 2 ijj 



x — r 



H — v 

c 



A ex ,o ' 

Xqj> x - r 
mci |x — r| 



2 

B x (x - r) 



x — r 
|x — r| 



• A eXj0 - q^ e J) = 0. 



For equation f 1 5 . 5 . 3 j) to hold we may require the coefficient before ip and ip in it to be zero. 
Executing that by collecting terms with ip and ip and using y? ex = </? 0ex + ex • (x — r) we 
obtain the following equations: 

(5.5.4) 
(5.5.5) 



r = v 



A 



mc 



ex,0; 



mv 



— m [v ■ (x — rj — v ■ rj — s p — 



(JV 

+ — 

c 



A ex>0 + -B x (x - r) 



-Q (^o, ex + ¥o, ex ■ ( x - r )) = 0. 

To solve (I5.5.5P we require the coefficient of (x — r) and the remaining one to be zero, and 
this with the help of an elementary identity v ■ (B x (x — r)) = (x — r) • (v x B ) yields the 
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following pair of equations: 



mv = — q 



1b (t) x v + <^ 0>ex (t) 



(5.5.6) 



g mv 2 

mv • r - s p + -v • A eXj0 q<p 0>ex = 0. (5.5.7) 



Now being given v(Q) we readily find v (t) from the linear equation (15.5.61) . Then using v (t) 
and being given r(0) we immediately find r (t) from equation (15. 5.4ft . Combining equations 
(15.5.41) and (15. 5. 7ft we obtain the following equations for s p (t) 

2 

q TfL TfVW 

s p = mv ■ r + -v ■ A CXj0 - — v 2 - q<p ex = — q<p eK . (5.5.8) 

It remains to verify that the triple {r (t) , v (t) , s p (i)} satisfies the complementary point 
charge equations (15.1.3ft . (15.1.4ft . Indeed, combining the relations (15.5.6ft and (15.5.4ft we 
obtain 

m * = ~Q 7T B X — A cx ,0 ) + V^Oex + -^ A ex,o • (5.5.9) 

|_2c V mc / ' c 

A straightforward comparison taking into account fl 5 . 1 . 6 [) shows that the above equation 
(I5.5.9P coincides with the point charge equation of motion ( 15 . 1 .3j) . and the equations (I5.5.4|) 
and (I5.5.8P provide the point charge equations (I5.1.4p . With that we completed the desired 
verification of the fact the wave-corpuscle does solve exactly the auxiliary field equations 

As to the exact solvability issue let us compare the coefficients of auxiliary equations (I5.1.ip 
and the original field equations (15.0. 12[) . (15.0. 13[) . Taking into account the relation ( 15. 1 .6[) - 
(I5.1.7P we find that the EM potentials <f ex (t, x), A ex (t, x) in the field equations (15.0. 12j) . 
( 15.0. 13j) are compatible with the auxiliary system (I5.1.ip for the wave-corpuscle defined by 
(I5.1.2p and the complementary point charge equations ( 15 . 1 .3j) . ( 15. 1 .4j) if the following exact 
solvability condition holds 

Vex (*, X ) = V0,ex + ^0,ex ' ( X ~ r ) ~ (5.5.10) 

' ' A cx , + ^B (t) x (x-r(t)) 



2mc 2 V ' 2 
A ex (t, x) = A cx (t, x) = A CXi0 + -B (t) x (x - r (t)) . 

Note that if B 7^ the electrical field potential <^ ex involves a quadratic term which vanishes 
at the center of the wave- corpuscle. One can naturally ask how broad is the class of external 
EM fields as in ( 15.5.101) for which there are exact solutions as the wave-corpuscles? The 
class of such EM field is sufficiently broad in the sense that for any accelerated motion of a 
point charge in an arbitrary EM field there is wave-corpuscle as an exact solution to the field 
equations with an external field from the class. To see that let us consider a point charge in 
an arbitrary external EM field and find its trajectory r (t). Then we introduce a special EM 
field defined by (15X61) . ([gXTD with B = B (t) and (p' ex (t) defined by (15.5.111) and for this 
external field the wave-corpuscle (I5.1.2p is an exact solution to the field equations (15.0. 121) . 
(15.0. 13p : its center moves exactly according to the trajectory r(t). More than that, an 
arbitrary vector-function r (t) can be obtained as a solution of (15.1.31) with appropriate choice 



58 



of E (t, r), B (if:, r). Indeed, let E (t, r) = mr (t) /q, and such r (t) is a solution of (15.1.30 . Note 
that for the given E (t) along the trajectory we can take A ex (t) to be arbitrary and determine 
ip' ex (t) by the following formula 

d t A ex>0 {t) B (*)xr(t) 



+ 



2c 



B (t) x A CXj0 (t) 



+ E (t) + 



(5.5.11) 



Thus, we can conclude that the wave-corpuscle ( 15.1.21) as an exact solution to the field 
equations ( 15.0. 120 . (15.0.131) with an appropriate choice of the external EM field can model 
any motion of a point charge. 

5.5.2 de Broglie factor for accelerating charge 

In this subsection we would like to take a look at the de Broglie exponential factor in the 
wave- corpuscle defined by (15.1.20 and the complementary point charge equations ( 15.1.30 . 
(15 .1.40 . Let ip (k) = [Fip] (k) be the Fourier transform of the wave function ip (x) 



# (k) = [7^] (k) 



-ikx 



ip (x) dx. 



(5.5.12) 



Then in view of the charge normalization condition (15.0. 14[) and by the Parseval theorem 
ip (k) satisfies similar condition, namely 

(5.5.13) 



(5.5.14) 



(2ttP / V(k) dk= 1, 
Jr 3 

and we can introduce the center k* ("0) for ip (k) as follows: 

k, (4>) = k, = (2tt)" 3 I k|^(k)| 2 dk. 

Jr. 3 

Note that the following identity holds 
k|#(k) 

implying together with (15.5. 14p the following representation 

Vip (x 



2 = k^ (k) (k) = i {ik^ (k) ^ (k) - ip (k) [ik# (k)]* 



Im 



V>(x) 



dx. 



(5.5.15) 



Observe that the Fourier transform (15.5.121) of the wave-corpuscle defined by (15. 1.2ft is 



■0 (t, k) = exp < ir (t) k — 



is p (t) 



X 



T 



mv (t) 

X 



(5.5.16) 



and since ip — ip (|x|) is a radial function, its Fourier transform J 7 %p (k) is a radial function 
as well. Let us consider k* defined by the formula ( 15.5.140 that corresponds to the wave- 
corpuscle (15.5.160 . Using the fact that J 7 i°p (k) is a radial function and the relations (15.1.40 . 
(15.1.51) we readily find that 



^, v (t ) = r t + ^-A eXi0 = -. 

X mc m 



(5.5.17) 
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The dispersion relation u> (k) for the linear part of equation (15.1.10 and the corresponding 
group velocity V^u (k) are, respectively, 

o;(k) = ^k 2 -^-A CXi0 -k, (5.5.18) 
2m mc 

V k w (k) = — k — A eXj0 . 

m mc 

Combining relations (15.5. 18)) and (15.5. IT)) 

V k u; (k*) = -k* - — A ex>0 = v (t) - — A CXi0 = r (t) , (5.5.19) 

m mc mc 

we find that the charge velocity v (t) is identical with the group velocity VkW (k*) indicating 
the wave origin of the charge motion. 

5.5.3 General external EM field 

The subject of this section and the treatment are similar to the ones in Section 15.4.2) but 
estimates in the presence of external magnetic field are more involved. Below we provide the 
most essential estimates related to this case omitting tedious details. The main result of this 
section is that the wave-corpuscle defined by (I5.1.2p and the complementary point charge 
equations (]5.1.3p . ( 15.1.4)) is an approximate solution to the field equations (15.0. 12[) . (15.0. 13)) 
with a discrepancy of the order O ((a/R ex ) 2 ) for a <C i? ex , where a is the size parameter 
defined by relations (14.4.1)) and R ex is a typical length for inhomogeneity of the external 



^ 00 



decays exponentially as s — > oo, and 



field. We assume here that the function 
(I5.4.14P holds. 

We define the coefficients (15.1.61) - (15. 1 . Tj) of the auxiliary field equations in (15. 1.1)) as 
follows 

^0,ex (*) = ^ex (r (*) , t) + 2^ A « ( r (*) » *) , ( 5 - 5 - 20 ) 

Vo,ex (*) = V^ ex (r (t) , t) + ^ [A CXi0 x B (*)] , 

implying 

^ex (*, x) = y? 0>ex (t) + <p' 0tex (t) • (x - r (*)) , (5.5.21) 
B (t) = B (r (t) , i) , A CXi0 (*) = A cx (r (t) , t) . 

Note that the wave-corpuscle defined by (15.1.20 and the complementary point charge equa- 
tions (15.1.31) . (15. 1.4)) generally speaking is not an exact solution of ( 15.0.120 since the potentials 
of (15.0.121) satisfy more general relations than (15.5.100 : 

^x (*, x) = ^ ex (*) + <^ ex • (x - r (*)) - (5.5.22) 
/ 1 \ 2 



A ex ,o + t^Bo (t) x (x - r (t))\ + cpW (t, x 



2mc 2 V ' 2 

B(t,x) = B (*) + Bi(t,x), 

A cx (t, x) = A cx ,o (t) + ^B (t) x (x - r (t)) + A eXjl {t, x) 
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with non-zero terms ipix (i, x), Bi(£, x), A cx l (t, x). These extra terms are small in the 
vicinity of r (t) where ip is localized since 

<pg (x, r (t)) = 0, (x, r (*)) = 0, (5.5.23) 

Bi(r(t),*) = 0, A CXjl (r(t),t) = 0. 

To estimate of the discrepancy resulting from magnetic field we introduce quantities 

|B| = max B (r (t) , t) , (5.5.24) 

l A l=n^ ^ ax |A(r(t) + z,t)-A(r(0),0)|, 

1 1 0<t<T 0<\z\<aa^ 

1 |Bi(r(t) + z,t)| 

sup 



Rb (t, r) 
1 



V |z| 


B 


■ 


|A ex ,i (r (t) + z,t)| 


z 


A 





— — -, r = SUp 

Ra {t, I") Q<\z\<aa^ 

' max \ ~B — 7 — — \)- (5.5.25) 



i? M o<t<r \i2 fl (t,r)' i2 A (t,r 

The quantity -Ra (£, r) is a spatial distance at which the local variation of A is of the same 
order as the global variation A| of A itself, and consequently it represents a spatial scale at 
which the local variation of A is not negligible. By (15.5.23ft the quantity 1 / Rm is bounded. 
We substitute (15.1.2ft in (15.0. 12j) and observe that according to Subsection 15. 5^ ip, exactly 
satisfy (15.0. 12p if ip^ (t, x), B x (£, x), A ex l (t, x) are identically zero. If they are not zero, 
we obtain a discrepancy D = Do + D\ with Dq as in Section 15.4.21 and 

D x = [A ex>1 + B, {t, x) x (x - r (t))\ • V^. (5.5.26) 
mci 

Similarly to (15.4.171) we introduce the integral discrepancy D^: 

D x = Re / — (A cx ! + Bx (t, x) x (x - r (*))) • dx (5.5.27) 

J M 3 mci 

= / 2»[A eXtl + B 1 (t,x)x(a:-r(t))].Imf^ > ) M 2 dx 
J M 3 mc \ J 

Note that for solutions of the form (15.1.21) we have 

_ / V-0 \ T ^ f im i \ m 

Im = Im V — v • ( x — r J H — s„ = — v, 

\W J \X X J X 

implying when combined with (j5. 5.27ft 

D x = 1 I [A ex>1 + B x (t, x) x (x - r (t))] ■ v \^\ 2 dx, 

which, in turn, yields the following estimate 

|A| \x-r(t)\ 

' " R ( r: l al dx+ 5.5.28 
Ra [t, r) 

|x-r(t)| 2 |^| 2 dx< 









<^ 
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v 




+—9 


Ifil/- 


c 




< cj 


v a . 


c R M ( 



i? B (t, r) 
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Combining relation ( 15.4.23)) and (15.5.28)) we get 

| A) + D,\ < C ^M + —^C (\q\ | A| + qa |B|) . (5.5.29) 
tt<p c -Km 

yielding the following conditions for the discrepancy to be relatively small 

|v| a a 2 , 

U_ « !, _ « , (5.5.30) 

5.6 Stability issues 

A comprehensive analysis of the stability is complex, involved and beyond the scope of this 
paper. Nevertheless, we would like to give a concise consideration to three aspects of stability 
for well separated charges in the nonrelativistic regime : (i) no "blow-up" or "collapse"; (ii) 
preservation with high accuracy of the form of a wave-corpuscle solution for a limited time; 
(iii) preservation of spatial localization for certain solutions on long time intervals. 

Here is an argument for why there can not be a "blow-up" in finite time. A "blow-up" is 
an issue since the nonlinearity G 1 (s) provides focusing properties with consequent soliton-like 

solutions i/j , ip e . In our model the possibility of "blow up" is excluded when we define [G e a ~\' 

to be a constant for large amplitudes of the fields, namely for s > (i) *\ (0) as in (14.4.8)) . This 

factor combined with the charge normalization condition (15.0.141) implies that the energy is 
bounded from below. Indeed, according to (16 . 1 .81) . (16.1.101) and (14. 1.18)) the energy of a free 
charge can be written in the form 

£(tM= / (w + u)dx= [ r^ + ^[| W | 2 + G(H 2 )] dx, (5.6.1) 

where ip = ip^ is determined from ( 12.4.6)) . In view of relations ( 14.4.8)) the nonlinearity 
derivative G' (s) is bounded, implying G (\i/j\ 2 ) > —C \ ip\ 2 for a constant C. That combined 
with the charge normalization condition (15.0.141) implies boundedness of the energy from 
below, namely 

£(ip,<p) > ~C for all if;,?, || V II 2 = / H 2 dx=l. (5.6.2) 

A similar argument in the case of many interacting charges also shows that the energy is 
bounded from below. Since energy is a conserved quantity, using the boundedness of the 
energy from below one can prove along lines of [Kato89j the global existence of a unique 
solution ip (£, x), tp e (t,x.) to (12.4.21) . (12.4.71) for all times < t < oo for given initial data 
^(0,x). 

The second aspect of stability is about a preservation of the wave-corpuscle shape with 
high accuracy for limited times. A basis for it is provided in Section 15.4.21 Since discrepancies 
in the equations (15.4. 15j) are of the order \q\ \(p\ a 2 /R 2 for the charge in an external EM field 
the fields ip, p have to be close to the wave- corpuscle of the form (I5.1.2p on time intervals of 
order \q\ \ip\ a 2 / (xR 2 ) where R is a spatial scale of inhomogeneity of the external field, and 
|g| \ip\ is a global variation of the external field potential energy near the trajectory of the 
wave- corpuscle. 

The third aspect is a stability on very long time intervals which is understood in a broader 
sense, namely when a charge maintains its spatial localization without necessarily preserving 
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the exact form of a wave-corpuscle It is shown in Section 16.1.11 that such a broad localization 
assumption is sufficient to identify the corresponding point charge trajectory. Now let us 
consider the following argument for the charge stability based on properties of the energy. 
For simplicity let us consider a single free charge with energy (15.6. ip . The energy conservation 
law implies 

£ (ip (t) , ip (<)) = £(ip(0),(p (0)) , for all < t < oo. (5.6.3) 

Note that the rest solution ip as in (I2.3.5p . (I2.3.6P is a critical point of £ defined by (15.6. ip . 
Let us assume that the rest solution ip is the global minimum under the charge normalization 
constraint, namely 

£ ft <Pi) = 8 <Pf) = E o- (5.6.4) 

V V ||V>ll=i 

Consider then the initial data ip for (I4.0.1ip - (l4.0.12p at t = that (i) satisfies the charge 
normalization condition (j5.0.14p ; (ii) is close to ip and has almost the same energy, i.e. 
\£ (ip (0) , <p (0)) — E | <C 1. Note that since every spatial shift ip (x — r), ipx (x — r) of ip (x) , <pg (x) 
produces fields satisfying the charge normalization condition (15.0.141) and of the the same en- 
ergy, the minimum in (I5.6.4P has to be degenerate. But if we assume that all the degeneracy 
is due to to spatial translations, rotations and the multiplication by e ls , then the condition 
\£ (ip (t) , <f (t)) — E | C 1 though allowing for spatial translation of ip (x) , <p\ (x) to large dis- 
tances and times, still implies that form of \ip (t, x — r (t))\, <p (t, x — r (i)) has to be almost 
the same as the form of ip (x) , <p (x). The same argument works for a local minimum that is 
non-degenerate modulo spatial translations, rotations and the multiplication by e ls . 



6 Many interacting charges 

A qualitatively new physical component in the theory of two or more charges compared to 
the theory of a single charge is obviously the interaction between them. In our approach any 
individual "bare" charge interacts directly only with the EM field, and consequently different 
charges interact with each other only indirectly trough the EM field. In this section we 
develop the Lagrangian theory for many interacting charges for the both relativistic and 
nonrelativistic cases based on Lagrangians for single charges studies in Sections [31 SI El The 
primary focus of our studies on many charges is ways of integration into our wave theory the 
point charge mechanics in the regime of remote interaction when the charges are separated by 
large distances compare to their sizes. A system of many charges can have charges of different 
type, for instance electrons and protons. In that case we naturally assume that individual 
Lagrangians for charges of the same type to have identical Lagrangians with the same mass 
m, charge q, form factor ip and consequently the same nonlinear self-interaction G. We 
use here general results of the Lagrangian field theory for many interacting charges including 
symmetries, conservation laws and the construction of gauge-invariant and symmetric energy- 
momentum tensors described in Section 111.51 

Let us introduce a system of N charges interacting directly only with the EM field de- 
scribed by its 4-vector potential = (ip,A). The charges are described by their wave 
functions ip with the superscript index £ = 1,...,N labeling them. In this section we study 
the dynamics of the system of charges in the regime of remote interaction, that is when any 
two different charges of the system are well separated so that the distance between them is 
much larger compare to their typical sizes. We show here that under the assumption of remote 
interaction the charges interact which is other by Lorentz forces and that in non-relativistic 
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case their dynamics is perfect correspondence with the dynamics of the corresponding sys- 
tem of point charges. In the relativistic case the correspondence with the point mechanics is 
more subtle because of fundamental limitations. In turns out that in the regime of remote 
interaction the nonlinear self-interaction terms associated with charges do not manifest them- 
selves in any way but making charges to behave as wave- corpuscles similar to ones studied 
in Sections EJ U E 

In non-relativistic case we provide a big picture of interaction and dynamics via a single 
charge in an external field and charges interacting instantaneously via their individual electric 
fields. 



6.1 Non-relativistic theory of interacting charges 

The purpose of this section is to develop a non-relativistic theory of many interacting charges 
that would be sufficient for establishing its intimate relation to the point charges mechanics. 
Developed here non-relativistic theory for many interacting charges naturally integrates the 
theory of single non-relativistic charge developed in Sections @] and EJ including the set up for 
the interaction between the bare charge and the EM field as described by its electric potential 
ip. Our nonrelativistic Lagrangian C for many charges is constructed based on (i) individual 
charges nonrelativistic Lagrangians L of the form (I4.0.6[) and (ii) the assumption that every 
charge interacts directly only with the EM field as defined by its electric potential (p , namely 

t = t (^, ^, n^J^L + Y, L' <p) , (6.1.1) 



where 



2 



2m e 



V^VV' + G' tyV)} 



X Xc 
where (y? ex , A ex ) is the potential of the external EM field. Evidently, according to this 
Lagrangian, every charge is coupled to the EM field exactly as if it were a single charge, but 
since there is just one EM field all charges are coupled. The Euler-Lagrange field equations 
for this Lagrangian are 

X^M = £j [-VV + [G 1 ]' (y f) V>] , (6-1.2) 

-A^ = 47r^g £ |/| 2 , (6.1.3) 

t 

where [G e ] (s) = d s G e (s) , and as in the case of a single charge ip e * is the complex conjugate 
to ^ for all t. The nonlinear self-interaction terms G e in (16. 1 . 1 p are determined based on 

the corresponding form factors ip from £-th charge equilibrium equation (I2.3.8p . 

The Lagrangian £ defined by f)6.1.ip is gauge invariant with respect to the first and 
the second gauge transformations flll.7.6p . ( I11.7.7P and consequently every £-th charge has 
a conserved current J e ^ = (cp e , J £ ) which can be found from relations flll.7.12p . H 1 1 . 7 . 1 3 1) 
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yielding the following formulas similar to fl 5 . . 8 1) 



ft = q\tf\\ (6.1.4) 

i\7 I ( \<i' > W q i2 KA L ,ii2 

2m^ . 



?/>V ip 1 * - ip l *V ip" 



Im— -J-) |V 



77r ■?/; 77TC 



Every current J M satisfies the conservation/continuity equations d t p e +'V -J e = or explicitly 
m'ft |^| 2 + V • (xlm^ « - ^A ex |V>f ) = 0. (6.1.5) 

The equations (16.1. 5p imply the conservation of the total £-th conserved charge. Similarly to 
the case of a single charge we require every total l-th conserved charge to be exactly q l and, 
hence, to satisfy the following charge normalization condition of the form (I2.4.5P 

\ip l \ 2 dx = 1 for all t. (6.1.6) 

Next based on the equation (16.1.31) it is natural to introduce for every £-th charge the corre- 
sponding potential <p e using the Green function (I12.0.1ip . namely 

^ (t, X) = <f[ M!^) dy , = . (6 . L7) 

Jr 3 \y x i e 

Taking into account the expression for the covariant derivatives from (16.1. ip we can recast 
the field equations (I6.1.2p . (16 . 1 . 3 [) as (I2.4.2p . The charge conservation equations (I6.1.5P can 
be alternatively derived directly from the field equations (I2.4.2p by multiplying them and 
their complex conjugate, respectively, by ip , ijj e and subtracting from one another. 

One can see in the integral expression \6.l.Tty instantaneous action- at- a- distance, a feature 
which occurs in the nonrelativistic point Lagrangian mechanics. 

Many technical aspects needed for the treatment of many charges in the regime of remote 
interaction are already developed in our studies of a single non-relativistic charge in an exter- 
nal EM field in Section El and to avoid repetition whenever the case we use relevant results 
from there. In fact, an accurate guiding principle for the treatment of distant interaction 
of non-relativistic charges is to view every charge as essentially a single one in the slowly 
varying in the space and time external EM field created by other charges. 

To study the motion of the energy and momentum for the involved charges and the EM 
field we introduce for every £-th charge its gauge invariant energy-momentum tensor T ifJ,u 
based on the formulas (I5.2.7p -f l5.2.10p substituting there ip , ijj e * in place of ip, ip* and the 
covariant derivatives with the index i from (I6.1.ip in place of the covariant derivatives for 
ip, ip*. That yields the following formulas for energy and momentum densities for individual 
charges 



v 2 
2m 



VV.vV + G f (^Y) , (6.1.8 



p< = | (^fiJV* - , j = 1, 2, 3. (6.1.9) 

The gauge invariant energy-momentum tensor Miy for the EM field is defined by (15. 2.3ft - 
(I5.2.5P and, in particular, its energy, momentum and energy flux densities are 

J • V<j2 J ■ E , 
d oW = = , gj = 0, sj = 0. (6.1.10) 
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Using the field equations (I6.1.2p . ( I6.1.3P and the representation ( 14 . . 8 [) for F u ^ we can also 
verify that following conservations laws for the individual charges and the EM field: 



QjP,* = fu + fa Q^U = _J2 (6.1.11) 

I 

where 



J ex ex ^ 



J e ■ E ex , p £ E ex H — J* x B c 
c 



The energy-momentum conservation equations A6.1.11\) can be viewed as equations of mo- 
tion in an elastic continuum, |Mollert Section 6.4, (6.56), (6.57)], similar to the case of kinetic 
energy-momentum tensor for a single relativistic particle, |Pauli RTf Section 37, (3.24)]. It 
is important to remember though that in contrast to the point mechanics the equations of 
motion A6.1.11]) must always be complemented with the field equations A6.1.2\) . A6.1.3\) or 
\2.J^.2^ without which they do not have to hold and are not alone sufficient to determine the 
motion. We also recognize in f lv and f££ in the equations of motion (16.1. lip respectively 
the Lorentz force densities for the charge in the EM field (of charges) and the same for the 
external EM field. Observe that equations ( 16.1. lip satisfy manifestly the Newton's principle 
"action equals reaction" for all involved densities at every point of the space-time. 

In the regime of remote interactions it makes sense to introduce dressed charges and 
attribute to every charge its EM field via the potential (p e as defined by relations (12.4.21) and 
(16.1.71) . Based on the potentials (p we define the corresponding energy- momentum tensor 
Qinv ky f ormu i as (|5,2.3p - (l5.2.5l) where we substitute <// and 3 e defined by equalities (I6.1.7p . 
(16.1.41) in place of tp and J. One can verify then that the conservation law (15.2.131) for Q l ^ u 
takes here the form 

dfiQ i^ = (6.1.12) 
Now for every £-ih dressed charge we define its energy-momentum tensor T ^ by the formula 

It is also natural and useful to introduce for every £-th charge the EM field Ef x and of 
all other charges £' ^ £ by 

Ef x = J2 E ^ F cx M = Yl F "' V ^ E " = ~ V ^- (6.1.14) 

Then combining relations ( 16.1. lip . ( 16. 1.12ft with (14.0.81) we obtain the following equations of 
motion for dressed charges 

d ft T*i»> = ff + f£ i (6.1.15) 
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describing the motion of energies and momenta of the dressed charges in the space-time con- 
tinuum. Importantly, the Lorentz force i lv in the right-hand of A6.1.15\) excludes manifestly 
the self-interaction in contrast to the Lorentz force acting upon bare charge as in (16.1. lip 
which explicitly includes the self- interaction term Kj^F^^. Thus, we can conclude that when 
the charge and its EM field are treated as a single entity, namely dressed charge, there is no 
self- interaction as signified by the exact equations (I6.2.26p . 

It follows from (I6.1.4P and (I6.1.9P that the charge gauge invariant momentum density P 
equals exactly the microcurrent density J e multiplied by the constant m e /q e , namely the 
following identity holds 



Xlm 



2 



(6.1.16) 



w 



that can be viewed as the momentum density kinematic representation. We can also recast 
the above equality as 



P e (t, x) = mv' (t, x) , where 
v £ (t, x) = 3 e (t, x) /q e is the velocity density. 



(6.1.17) 



Up to this point we introduced the basic elements of theory of interacting charges de- 
scribed as fields via the Lagrangian (I6.1.ip . A natural question then is in what ways the 
point charge mechanics is integrated into this Lagrangian classical field theory? There are 
two distinct ways to correspond our field theory to the point charge mechanics: (i) via aver- 
aged quantities in spirit of the well known in quantum mechanics Ehrenfest Theorem, [Schiffl 
Sections 7, 23]; (ii) via a construction of approximate solutions to the field equations ( I6.1.2p . 
(I6.1.3p . ( I2.4.2p in terms of radial wave-corpuscles similar to ( I5.1.2p . We consider these two 
ways in the next subsections. 



6.1.1 Point mechanics via averaged quantities 

Introducing the total individual momenta P e and energies E e for £-th dressed charge 



PMx, £ l 



u dx, 



(6.1.18) 



and using arguments similar to (I5.3.1l) - (l5.3.3p combined with relations (16.1.141) . (I6.1.15P we 
obtain the following equations 



dP^ 
~dt 



' 1 f -V x B cx 



// K J(£ (¥ X + E > 

[ y E^vi 2 dx 



dx, where 



(6.1.19) 
(6.1.20) 



E r 



(y-x) 






|^(t,x)| 2 




y-x| 3 





dydx, 



^ = / J* ■ E4 (t, x) dx = q* [ J. (V E< + E cx ) dx. (6.1.21) 
at J R 3 J R 3 \<-^t^t j 
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Let us introduce the £-th charge position r (t) and velocity v e (t) as the following averages 

r e (t)= f x|^(t,x)| 2 dx, s/ e (t) = - [ J £ (t,x)dx. (6.1.22 
Jn 3 <? Jr 3 

Then using the charge conservation law (16.1.51) we find the following identities 

dr^ (t) 



dt 



xa t |^| 2 dx= (6.1.23) 



~ I xV-JMx=1 ! J £ dx = v £ (t) 
T Jr 3 q l J R 3 



showing the positions and velocities defined by formulas (I6.1.22p are related exactly as in 
the point charge mechanics. Then utilizing the momentum density kinematic representation 
( 16. 1.16I) - (I6. 1.171) and the fact that the momentum density of the £-th charge EM field is 
identically zero according to (I5.2.4P we obtain the following kinematic representation for 
charge and, hence, the dressed charge total momentum 

p' (t) = ?L / J? (t, x) dx = mV (t) , (6.1.24) 

T Jr 3 

which also is exactly the same as in point charges mechanics. Combining relations (I6.1.19p . 
(I6.1.23P and (I6.1.24p we obtain the following system of equations of motion for N charges: 

f d 2 r e (t) dP e 

= «'I[(^ E " +E ")^l 2 + r' xB «] dx - 

where 

E e (t, x) = -V<p e (t, x) , E ex = -V<^ ex (t, x) . 

The above system is analogous to the well known in quantum mechanics Ehrenfest Theorem, 
[Schiffl Sections 7, 23]. Notice that the system of the equations of motion (I6.1.25P departs 
from the corresponding system for point charges by having the averaged Lorentz density 
force instead of the Lorentz force at exact position r £ (t). Observe, also that the system of 
equations of motion (16.1.251) is consistent with Newton's third law of motion "action equals 
reaction" as it follows from the relations (16.1.201) . 

Let us suppose now that charges and current densities \ip I and q E v e are localized near 
a point r e (t) , and have localization scales a 1 which are small compared with the typical 
variation scale -Rem of the EM field. Then for a bounded Rem and a e converging to we 
have as a 1 — > 0, 

|^| 2 (t,x) ^5(x-r £ (t)), v £ (t, x) -> v* (t) 5 (x - r £ (t)) (6.1.26) 

where the coefficients at the delta-functions are determined from the charge normalization 
conditions (16.1.61) and relations (16.1.22)) . Using potential representations (I6.1.7P we infer 
from (16.1.261) the convergence of the potentials ip e to the corresponding Coulomb's potentials, 
namely 

cp e {t, x) -> cpi {t, x) = |x _ g r£ as a e 0. (6.1.27) 
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Hence, we can recast the equations of motion ( 16.1.25)) as the system 
where 

P = <f< + ^Eex M + V x B cx (if) , i = 1, N, 

with small discrepancies e P t — > as ci £ /-Rem — >■ 0. Notice that terms g^Eg in equations 
( 16. 1 .28)) coincide with the Lorentz forces for the Coulomb's potentials 



q% = (f,x) = - qV y f\ (6.1.29) 



| r* — r l 

In the case when there is no external EM field the point charges equations of motion ( 16.1.281) 
in the limit a — > are associated with the following Lagrangian ("static limit, zeroth order 
in (t>/c)", [Jacksonl Section 12.6]) 

t t'^l 1 1 



and the equations of motion (16. 1.28[) take the form 



-E ,; l l' ,t=X,...,N. (6.1.31) 



Using similar arguments we obtain from (16. 1.21)) 

^ = v^ + e E ,, (6.1.32) 

with small discrepancies e E i — > as a 1 /Rem — > 0. Combining equalities ( 16. 1.24ft ( 16. 1.28ft 
(16.1.321) we get 

= v e -^—= 6.1.33 

2d£ dt v ; 

dF e 

f rf f U.I— p 

= v • f + v • e P £ = h v • e P i — e E t, 

at 

implying 

d /_ f m e v e -v e \ , 
dt V -^2^J =eE< - V 

which, up to small errors, are kinematic representations for the energies of individual charges 
well known from the point charge mechanics. Note that to obtain point charges equations of 
motion (16. 1.28j) it is sufficient to assume localization only for ip 
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6.1.2 Point mechanics via wave-corpuscles 

In this section we construct approximate solution of the field equations (16.1.21) . (I6.1.3P (or, 
equivalently, (12.4.21) ) for iV interacting charges in which every charge is a wave-corpuscle 
defined by (15.1.21) with properly chosen complementary point charges equations of motion 
. The construction proposed here is valid for any external EM field, but to avoid involved 
expressions we consider the case when the external EM field is purely electric with A ex = 0. 
The general case when A cx ^ is treated similarly based on the results of Section 15.51 We 

assume here that the shape factor (|x|) decays exponentially as |x| — > oo for every £-th 

charge and (15.4. 14p holds. The wave- corpuscle approximation (12.4. 18p is based on trajectories 
Tq for the wave-corpuscle centers determined from equations (12.4.151) which involve the exact 
Coulomb's potentials <p e corresponding to the size parameter a = 0. To show that the 
approximation is accurate for small a > we use the results obtained for a single charge 
motion in an external field. As the first step for an estimate we introduce an auxiliary system 
of equations to determine all center trajectories. This system has the following property. If 
£-th charge is singled out and the potentials Cp a (x — Vq (t)) of remaining charges are replaced 
by the linear approximation of <^q (x — Iq' (t)) based on the position of the £-th charge, then 
the exact wave- corpuscle solution for the £-th charge is available in so modified field. In 
addition to that, the motion of the center r e of the exact solution to the auxiliary equation 
has the same trajectories r^. Replacing tp a by the exact Coulomb's potential £> produces 
a contribution to the discrepancy, and the second source of the discrepancy is the field 
linearization at Tq. To estimate these discrepancies we use the results of Section [5.4.21 First, 
we find trajectories r e Q (t) from the auxiliary equations 

= -^V<o (4) , (6.1.34) 



4(0) = 4 ^(0) = 4 £ = 1,...,N. 



with initial data 

drj 
dt 

The electrostatic potential (fi x0 in (I6.1.34p is the Coulomb's potential as in (12.4. 14j) . and for 
a > we introduce an intermediate external potential for the £-th charge as follows: 

£f Xia (t, x) = ^ ex (t, x) + *£ ( x " 4) ■ (6-1.35) 

We define then an approximate solution ip to be of the form of wave- corpuscles ( 12.4.181) . 
(12.4. 19p . namely: 

€ v = e iS ^ (|x - r{|) , y/ ap (t,x) = q^ a (x - rQ , (6.1.36) 



where 



£ I °- r 



S (t, x) = p e ■ x - — dt' - qj^ <^ eXi0 (t\ r ) dt', 

and is solution of ( 16. 1.34ft . Recall that the dependence on the size parameter a of the 
form factor ip = ip a and corresponding potential $ = £p l a is given by (14.4. II) . Notice that 
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according to relations (I4.6.7P the interaction force term in (I6.1.34p approaches the Lorentz 
forces based on the Coulomb's potential, namely 



# (x) = 4 



dy ->■ ^ (x) 



as a — > 0. 



(6.1.37) 



Let us introduce an auxiliary spatially linear potential ip ey . (t, x) for the £-th charge by 
formula (15.4.41) with (p ex replaced by y?ex,o- Observe that for every £ the pair {ip e ap , y?i p } is 
an exact solution to the auxiliary equation (15.4. 15[) with the external potential tp e ex (t, x) 
obtained by the linearization of <f e ex0 at Tq (t) according to (15.4.4j) . It remains to examine if 
the so defined {Vap> ^Ip} yield an approximation to the field equations (12.4.21) . Indeed, the 
i-th wave-corpuscles {V'api^ap} * s an exact solution to equations (15.4.151) . To obtain from 
(15.4. 15p the £-th equation (12.4.21) we have to replace tp l ex $ (t, x) by <^ ex a (t, x) resulting in a 
discrepancy 

[<fL,0 fa X ) - £ex,a X)] ^ (x) = 
= Kx,0 (*, X ) - £cx,0 (*, X )] <£a ( X ) + [<fL,0 X) - </4,a (*, X )] <£a ( X ) • 

The first term of the above discrepancy is the same as in (15.4.161) . and the corresponding 
integral discrepancy is estimated as in (15.4.231) . The second term has the form 



[<£ex,0 (*, X ) - <£ex,a (*, X )] ( X ) 



(6.1.38) 



J2 



iS V o (|x-^ |). 



Taking into account that (|x|) decays exponentially as |x| — > oo we find that every term 
in (I6.1.38P is small if Tq is separated from r e Q for £' ^ £. To take into account point charges 
separation we introduce a quantity 



R„ 



mm 

l^l', 0<t<T 



4 (t) - 4 (t) 



(6.1.39) 



and assume it to be positive, i.e. -R m i n > 0. Under this condition using (14.4.51) we obtain 



{ X - r j - V?0 

if |x 



< Ce (a/Rn 



(6.1.40) 



< 



where 



e (a/ Rmin) — > as a/R m i n — > 0, 



where constant C, = a^t are the same as in (15.4.201) (note that e (a/-R m in) — > exponen- 
tially fast if ^ (r) decays exponentially). Hence, we can take ip i exa (t,x) as (p ex (t,r, e) and 
cp £ ex (t, x) as (f cx (t, x) in (15.4.251) with e = e (a/R min ). Then we use the integral discrepancy 
estimate (15.4.281) which implies 



D (x,t) + D 1 (x,t) 



< 



Co 



Ru 



max \q \ \(f 



(6.1.41) 
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where the potential curvature radius i? 2 is based on y9 ex (x, t) as in (I6.1.35p . (p l is based on 
</?f x o an d The factors are bounded uniformly in a. Consequently, we conclude that 

the integral discrepancy resulting from the substitution of V'ap (A x ) (12.4.21) and given by 
(16. 1.411) tends to zero as a/R — > where R = min (i? min , i?^). Note that for exponentially 

decaying ip the function e (a/R min ) decays exponentially as a/_R min — > and hence 



Do (x,t) + D 1 (x,t) 



a 2 



Interestingly, an additional analysis of the exact equations of motion (12.4.121) shows that 
though the integral discrepancy decays as a 2 / 'R^, the positions r e (t) given by (16. 1 .22H are 
approximated by r e (t) with accuracy of the order a 3 /R t 



6.2 Relativistic theory of interacting charges 

Relativistic theory of many interacting point particles is known to have fundamental dif- 
ficulties. "The invariant formulation of the motion of two or more interacting particles is 
complicated by the fact that each particle will have a different proper time. ... No exact gen- 
eral theory seems to be available" , [Barutt Section II. 1, System of colliding particles]. Some of 
these difficulties are analyzed by H. Goldstein in his classical monograph, [Goldstein] Section 
7.10]: "The great stumbling block however is the treatment of the type of interaction that is 
so natural and common in nonrelativistic mechanics - direct interaction between particles. ... 
To say that the force on a particle depends upon the positions or velocities of other particles 
at the same time implies propagation of effects with infinite velocity from one particle to 
another - "action at a distance." In special relativity, where signals cannot travel faster than 
the speed of light, action-at-a-distance seems outlawed. And in a certain sense this seems to 
be the correct picture. It has been proven that if we require certain properties of the system 
to behave in the normal way (such as conservation of total linear momentum), then there can 
be no covariant direct interaction between particles except through contact forces." Another 
argument, due to von Laue, |von Laue] . on the incompatibility of the relativity with any 
finite dimensional mechanical system was articulated by W. Pauli, |Pauli RT] Section 45]: 
" ...This in itself raised strong doubts as to the possibility of introducing the concept of a rigid 
body into relativistic mechanics 247 . The final clarification was brought about in a paper by 
Laue 248 , who showed by quite elementary arguments that the number of kinematic degrees 
of freedom of a body cannot be limited, according to the theory of relativity. For, since no 
action can be propagated with a velocity greater than that of light, an impulse which is given 
to the body simultaneously at n different places, will, to start of with, produce a motion to 
which at least n degrees of freedom must be ascribed." 

Now we ask ourselves what features of point charges mechanics can be integrated into a 
relativistic mechanics of fields? It seems that the above arguments by Goldstein, von Laue 
and Pauli completely rule out any Lagrangian mechanics with finitely many degrees of freedom 
even as an approximation because of its incompatibility with a basic relativity requirement for 
the signal speed not to exceed the speed of light. On the constructive side, these arguments 
suggest that (i) the EM field has to be an integral part of charges mechanics, (ii) every charge 
of the system has to be some kind of elastic continuum coupled to the EM field. We anticipate 
though that point mechanics features that can be integrated into a relativistic field mechanics 
are limited and have subtler manifestation compared to the nonrelativistic theory. We expect 
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point mechanics features to manifest themselves in (i) identification of the energy-momentum 
tensor for every individual bare charge; (ii) certain partition of the EM field into a sum of 
EM fields attributed to individual charges with consequent formation of dressed charges, 
that is bare charges with attached to them EM fields. That energy-momentum partition 
between individual charges must comply with the Newton's "action equals to reaction" law, 
the interaction forces densities have to be of the Lorentzian form and every dressed charge 
has not to interact with itself. 

In the theory proposed here we address the above challenges by (i) the principal depar- 
ture from the concept of point charge, which is substituted by a concept of wave-corpuscle 
described by a complex valued function in the space-time; (ii) requirement for every charge 
to interact directly to only the EM field implying that different charges interact only via the 
EM field. With all that in mind we introduce the system Lagrangian C to be of the general 
form as in Section 111.51 

£ W> v&} , W, ,^) = £ ^ ^ ^ €3 - (6 - 2 - 1} 

t 

= d»A v - d u A», 

with every £-th charge Lagrangian L to be of the form of single relativistic charge (13.0. ip - 



L e ^, V&) = ^ - «W - G* (V>V) } , (6-2.2) 



2 



where 



2m 



ft t i 

t u m c f m c 

K = = , U = . 



c X X 

and ij),^ and are the covariant derivatives defined by the following formulas 

< = dV, ^ = <^V, ^ = 0" + — , ^* = d» - (6.2.3) 

Xc xc 

where d 1 ^ and cr M * are called the covariant differentiation operators. We also assume that for 
every £: (i) m > is the charge mass; (ii) q e is a real valued (positive or negative) charge; (iii) 
K > 0; (iv) G e is a nonlinear self-interaction function. Notice that charges interaction with 
the EM field enters the Lagrangian C via the covariant derivatives ( I6.2.3p . The Lagrangian 
C defined by (I6.2.ip - (l6.2.4p is manifestly local, Lorentz invariant, and gauge invariant with 
respect to the second-kind (local) gauge transformation 

_^ e- 1 ^^ A" -^A fl + <9 M A (x) , (6.2.4) 
as well as with respect to the group of global (the first-kind) gauge transformations 

^ _> e-^V, -»■ A" (6.2.5) 



for any real numbers A . The Euler-Lagrange field equations flll.5.12l) -f lll.5.13l) for the 
Lagrangian £ defined by fl6.2.1l) - fl6.2.4p take the form: 
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together with the conjugate equation for ip* 



0, d 



£*fi 



and equations for the EM field 4-potentials 

47T 

c 



j u , r = A F>MV = 9^ - d " A ^ 



(6.2.7) 



(6.2.8) 



where the £-th charge J^-vector EM micro- current J lu defined by (111.5.141) takes here the form 

q e X K^*^*)^-^*^^ 



— 1- 



2m i 



(6.2.9) 



q £ xW f lm ^£ + Q^_ 



rrr 



Observe that the equations (I6.2.8P are the Maxwell equations ( I11.4.7P with currents J At . As 
in the case of the more general Lagrangian ( I11.5.5P the gauge invariance (I6.2.5P implies that 
every individual £-th charge 4-vector micro-current J ^ satisfies the continuity equation 



d v J lv = 0, d t p l + V • 3 e = 0, J l » = {p% 3 e ) , 



(6.2.10) 



under the assumption that the fields {^,.F M1/ } satisfy the Euler-Lagrange field equations 
flSXBD-flSXH]). Notice that in view of flBT2T9|) 



P 



rrrc 



T W t 

> i \ lm — r + 9 f 



i i i?\ 2 

Q w 



X Im — I 



(6.2.11) 



As a consequence of the continuity equations ( 16.2. 10ft the space integral of every p (x) is 
a conserved quantity which we assign to be exactly q e , i.e. we assume the following charge 
normalization 



p l (x) 
■~qT~ 



dx 



(6.2.12) 



m e c 2 



Xlm + q e cp \W\ 2 dx = I . ! = 1 Y. 

if) 



To summarize, the equations (I6.2.6p - (I6.2.8I) together with the normalization ( 16.2. 12[) con- 
stitute a complete set of equations describing the state of the all fields {-?/> £ , F^} in the 
space-time. Notice that (I6.2.6P and the Maxwell equations can be recast as 



^ = 0, 



(6.2.13) 



where 



X 



Xc 
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V • (d t A + VvO = 4vr (x Im ^ + gV) , (6-2.14) 

V x (V x A) + -d t (d t A + V(p) = (6.2.15) 

c ^—^ \ 77T m'c / 1 1 

In order to see point charge features in the charges described as fields over the continuum of 
the space-time we have to identify the energy-momentum tensor T e>JiU for every E-th charge and 
the EM field energy-momentum M ". Notice that the system Lagrangian £ defined by (I6.2.ip - 
(I6.2.4p satisfies the symmetry condition f 1 1 1 . 5 . 9 j) and consequently the general construction of 
the symmetric energy-momenta from Section 111.51 applies here. Namely, using the formulas 
f lll.5.24p -f lll.5.25l) we get the following representation for the energy- momenta 



T inv = X_ | tytiuttfv + _ (6.2.16) 



/2 

- - - G l (V>V)] 5^} , 

9^ = -L ^g^F^F*" + ^g^F^F^ . (6.2.17) 

The above defined energy- momentum tensors satisfy the equations (111. 5.29j) -( lll . 5.301) . namely 

= jLv^ (6.2.18) 
d^ v = -f u , (6.2.19) 

where 

f = 1 4^, r = j2 f = \j,f v ^ j, = J2 4- 

l £ 

The energy-momentum conservation equations $6.2.18\) - $6.2.19\) can be viewed as equations of 
motion in elastic continuum, |Moller| Section 6.4, (6.56), (6.57)], similar to the case of kinetic 
energy-momentum tensor for a single relativistic particle, |Pauli RT] Section 37, (3.24)]. We 
recognize in the 4- vectors f tv in right-hand side of conservation equations (16.2. 18[) the density 
of the Lorentz force acting upon £-th charge, and we also see the density of the Lorentz force 
with the minus sign in the right-hand side of EM energy-momentum conservation equation 
(I6.2.18p . We remind to the reader that equations (I6.2.18p - (l6.2.19p hold only under the as- 
sumption that the involved fields satisfy the field equations (I6.2.6p - (l6.2.9p . Consequently, in 
contrast to the case of the point mechanics the conservation/equations of motion ( 16. 2. 18[) - 
(16.2. 19p in the elastic continuum alone cannot substitute for the field equations and determine 
the motion. 

Now we would like to identify the EM field attributed to every individual bare charge. 
That can be accomplished by partitioning the total EM F^ v defined as a causal solution to 
the linear Maxwell equation (I6.2.8P (see Section UlAip with a source ^-Jf 1 according to the 

partition of the current J M = J £m . Namely we introduce the EM potentials A lfi and the 

corresponding EM field F 1 ^ for every individual £-th charge as the causal solution of the 
form ( 11 1.4.391) to the following Maxwell equation 

Aqr 

g ftp, = _jlv_ (6.2.20) 
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In view of the linearity of the Maxwell equation (I6.2.8P we evidently always have 



F^ = ^F^ U . (6.2.21) 

t 

Being given individual EM fields F £tJ-u we introduce the corresponding EM energy-momentum 
tensor 6^ via the general formula (lll.4.20p . namely 




(6.2.22) 



Then combining f!6.2.20p . f l6.2.22p with f lll.4.27p we obtain 

Notice also that from 06.2.211) and 06.2.191) we have 

d„T^ v = -J^F^ + -Jl F i>v>1 - (6.2.24) 
c c i'+t 

If we introduce now the energy-momentum T £fJ-u of the dressed charge, i.e. the charge with 
its EM field, by the formula 

T £ P v = T ^ v + q£ P v^ (6.2.25) 

then the sum of two equalities (16 .2 .231) - (16 .2 .241) readily yields the following equations of motion 
for dressed charges 

= 1 j£ F e '^, I = 1, . . . , N. (6.2.26) 

c i'+t 

describing the motion of energies and momenta of the dressed charges in the space-time 
continuum. Importantly, the Lorentz force in the right-hand of 116.2.26)) excludes manifestly 
the self-interaction in contrast to the Lorentz force acting upon a bare charge as in (I6.2.25[) 
which explicitly includes the self- interaction term ^J^F eu ^. Thus, we can conclude that when 
the charge and its EM field are treated as a single entity, namely dressed charge, there is no 
self- interaction as signified by the exact equations (I6.2.26p . 

We would like to point out certain subtleties related to the individual EM fields F lv ^. 
Namely, the individual currents constructed via solutions to the Euler-Lagrange field 
equations (1 6 . 2 . 6 [) - ( T6 . 2 . 8 [) are implicitly related to each other. Those implicit relations manifest 
themselves in particular in the fact that the sum of the energy-momentum tensors of the 
individual EM fields does not exactly equal the energy-momentum tensor of the total EM 
field, i.e. 

9^ ^ J2 (6.2.27) 

i 

since G MV defined by (16.2.181) is a quadratic, and hence nonlinear, function of the EM F^ v . 
Nevertheless, the approximate equality holds 

e^«^e^, (6.2.28) 



(6.2.23) 
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when the supports of charges wave functions if) are well separated in the space for the time 
period of interest and, hence, 

F ^ F n» ~ o for e ^ i (6.2.29) 

implying (I6.2.28p . In other words, for well separated charges the above mentioned subtle 
correlations between individual currents become insignificant for their EM energy-momenta. 

We can ask now how far one can go in extracting from the equations of motion ( I6.2.26[) 
equations of point charges similarly to the non-relativistic theory in previous subsection. We 
can argue that in the relativistic theory in the regime of remote interaction we study, ev- 
ery charge can behave similarly to a wave-corpuscle but their motion can not be reduced 
to a system of differential equations obtained from a conventional finite-dimensional La- 
grangian since it is prohibited by presented above arguments by Goldstein, von Laue and 
Pauli. The next option in simplicity can be the motion governed by a system of integro- 
differential equations which can account for retardation effects similar to the Sommerfeld 
integro-differential-difference equation of motion for the nonrelativistically rigid electron and 
its relativistic generalizations, [Pearlelt Sections 8-10], but we are not going to pursue this 
problem any further in this paper. 



7 Equations in dimensionless form 

We introduce here changes of variables allowing to recast the original field equations into a 
dimensionless form. These equations in dimensionless form allow to clarify three aspects 
of the theory for a single charge: (i) out of all the constants involved there is only one 
parameter of significance denoted by a, and it coincides with the Sommerfeld fine structure 
constant as — 1/137 if x — h an d q, rn are the electron charge and mass respectively; (ii) the 
non-relativistic Lagrangian (I4.0.6P can be obtained from the relativistic one via the frequency- 
shifted Lagrangian f)3.3.3j) by setting there a = 0; (iii) the fulfillment of charge and energy 
normalization conditions in relativistic case follows from smallness of a. 

Recall that the single charge nonrelativistic Lagrangian Lq defined by (14.0.61) is con- 
structed in Section [4] based on the relativistic one via the the frequency shifted Lagrangian 
L Uo defined by (I3.3.1l) - (l3.3.3p (see also Sections 13.31 111.8.11 . The corresponding to L m Euler- 
Lagrange field equations are 

dfip im ( iq(p ~ \ ~2 



c 2 



— ildti) + - VV + G' (\if>\ 2 ) if; = 0, (7.0.30) 



1 „ fd t A „ 
- | V x (V x A) + ^ (^ + V V 




where 



d t = d t + (p = <p + <^ ex , A = A + A ex . (7.0.31) 

X 



Let us introduce the following constants and new variables: 



2 2 2 

X Q mc c 

a x = — -, a = — , oj = = , (7.0.32) 

mq 2 xc X oia x 
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a ojot = t, x = a x y, (7.0.33) 

1> (*) = ^ (-) ><P (*) - - $ f-1 > A W =- A f-) • 

a x /2 \<bcJ a x \a x J a x \a x J 

In those new variables the field equations (17.0. 30p turn into the following dimensionless form: 



a 



(d T + i$) * - 2i (d T + i$) * - (Vj, - iaA) * + G' (|^| 2 ) * = 0, (7.0.34) 
-^-V v ■ (a<9 r A + Vj,$) = (a 2 Im ^ + a 2 $^ |^| 2 - |^| 2 , 

- (V y x (V„ x A) + ad T (ad T A + V y $)) = -4na Mm + aA^j |^| 2 , 

We would like to show that the dimensionless form of the non-relativistic equations field 
equations (I5.Q.12[) . f l5.0.13[) can be obtained from the field equations fl7.0.34j) in the limit 
a — > 0. To have a nonvanishing external magnetic field in the limit a — > we set 

A ex = cT 1 ^ (7.0.35) 

Plugging in the expression (17.0.351) into the equations (17.0.341) we obtain in the limit a — > 
the following dimensionless version of the field equations (15.0. 12[) . (15.0. 13j> : 

id T V = -i (V, - iA° x ) 2 * + ($ + $ cx ) * + ic (|^| 2 ) *, (7.0.36) 
-V 2 • $ = 4tt |^| 2 , (V, x (V, x A)) = 0. 

To get an insight in the nonrelativistic case as an approximation to the relativistic one 
we would like to make a few comments on the relative magnitude of terms that have to be 
omitted in equation ( 17.0.34)) in order to obtain equation ( 17.0.36)) . The nonrelativistic case is 
defined as one when the charge velocity v is much smaller than the speed of light c, and a 
careful look at those omitted terms in ( 17.0.34)) that have factors a and a 2 shows that they 
can be small not only because of a, but also because of the smallness of typical values of 
velocities compared to the speed of light. Indeed, every term that has factor a involves time 
derivatives with only one exception: the term a 2 (i$) An estimation of the magnitude 
of the omitted terms for solutions of the form of wave-corpuscles (I5.1.2p indicated that every 
such a term is of order a |v| /c where v is the wave-corpuscle velocity. The only omitted term 
in (17.0.34)) which does not involve time derivatives is a 2 $ 2 \l/ and, in fact, it can be preserved 
in the nonrelativistic system which would be similar to (I7.0.36)) with properties analogous 
to (15.0. 12)) . Analysis of that system is more involved and the treatment is similar to the 
one for the rest solution of the relativistic equation involving that term considered in next 
Subsection 17.11 

7.1 Single relativistic charge at rest 

In this section we a consider a single relativistic charge. Using the new constants and variables 
( 17.0.32)) . (17.0.33)) we get the following dimensionless version of the resting charge equations 
( 12.0.120 . (12.0. 13j) and the charge normalization condition ( 12.0.20)) 

_l V ;* + (*-^)* + ^* = 0, (7.1.1) 
-V 2 $ = 4vr (1 -a 2 $) |^| 2 = 0, (7.1.2) 
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/ [(l -a 2 $) |^| 2 ] dx= 1. (7.1.3) 

Setting in the above equations a = we obtain the dimensionless form nonrelativistic equi- 
librium equations (I2.3.5p . (I2.3.6P and the charge normalization condition (12.3. 12j) . namely 

-~V 2 # + $* + (% (|*| 2 )^ = 0, -V 2 $ = 4tt|^| 2 , (7.1.4) 



|^rdx = l. (7.1.5) 

Now using perturbations analysis we argue that for small a the solution fy a ,Q a to the 
equations (I7.1.2P is close to the solution ty , $o of the equations (I7.1.4p . Indeed, for zero 
approximation $o ( x ) 



1^0 


(y)l 2 


x ■ 


-y| 



$o (x) = / 1 dy, 
J*? |x-y 

and the first order approximation $i is a solution to 

-V 2 $! = 4?r (1 -a 2 $ ) |^o| 2 - 
Using the Maximum principle we get 

< $i (x) < $ (x) < $ (x) = $ (x) for all x. (7.1.6) 

Obviously, 

$ x ( x ) = $ (x) + a 2 $ i (x) , where V 2 $ i = 4vr$ |^ | 2 , (7-1-7) 

and hence 

f % (y)|^Q (y)| 2 

$oi (x) = - / : ; dy. 

Jr3 |x - y| 

Consequently, inequalities (17. 1.6ft imply explicit estimate 

a 2 $oi (x) < $ (x) - $ (x) < for all x G R d . (7.1.8) 

7.2 Charge and energy simultaneous normalization 

We consider here some technical details related to the size representation (I2.1.8p . (I2.1.9P and 
the problem of simultaneous normalization of the charge and the energy by equations (I2.1.10p 
and (12.1. lip . Let function ^>q (y) be the dimensionless version of the function ip a in (I2.1.8p . 
fl2~T9|) . namely 

A3/2 /fl3/a \ 

^ (x) = ( — ) = *e (y) = ^ 3/2 *i (*y) , (7-2-1) 



where 6 = — , and / |^i| 2 dy = 1. 



a 

Then the charge and the energy normalization conditions (I2.1.10p and (I2.1.1ip take the form 



[ (l-a 2 $ e )|^| 2 dy = l. (7.2.2) 

JM. 3 
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Using the relation (111 .8.36[) and (lll.8.40p we obtain the following representation for the 
energy £ (ip a , tp a ), which is a version of the Pohozhaev-Derrik formula (see Section m.8.ip . 

^o(^a,fa) =mC 2 +£' (^a, < Pa) , (7-2.3) 

olf„,w 3 J Rt y 2m 8ir J 

Then the energy normalization condition (12.1. lip , namely £' Q = 0, turns into the dimensionless 
variables into the condition 

£' (* 6 ,®e) = ^ [ (W| 2 -^M dy = 0. (7.2.4) 
3a x Jrs y 4tt J 

First, let us consider a simple case a = using for it the notation $g = &g\ a=0 , = 
^6»| Q= o- m this case the charge normalization condition (17.2.21) . in view of the normalization 
condition in (17.2.11) . is satisfied for Cm = 1 and 

V e (y) = 9 3/2 ^ 1 (Oy) , $ e (y) = (fly) for a = 0. (7.2.5) 

It follows then from (17.2.4ft that 

implying that £' Q 0&g, $e) is a quadratic function of the parameter 9. Since \I> is fixed we set 
in (I7.2.ip Cm = 1 and 9 = 9 , where 9 is defined by 

9 = ?i 6$ = -1 / IVi-J 2 dy, 6* = / IwJ 2 dy, (7.2.7) 



6*' w 4tt 

and obtain the desired energy normalization condition (17.2. 4p . namely 



£' (%oM) =0, / |^| 2 dx=l. (7.2.* 

7rs 



Note that 9q as in (17.2.7ft coincides with 6*^, as in (14.7.31) . 

Let us consider now the case a > 0. We would like to show that for a given form factor 
\I/ and small a > there exist constants and # such that the following two equation hold 

£' (ifg, $ 9 , a) = 0, Af (Cm, 9, a) -1 = 0, (7.2.9) 

where £' and A/i are defined respectively by relations (17.2.41) and (17.2.21) . In other words he 
need to find two parameters Cm and 9 from a system of two nonlinear equations (17.2.91) . 
We have already established that for a = : the solution is Cm = 1, 9 = 9$ as in ( 17.2.71) . 
A geometrical argument shows that for sufficiently small a equations ( 17.2.91) have a solution 
{C, 9} which is close for small a to the solution Cm = 1,0 = 9 . The complete argument is 
based on the inequality ( I7.1.8P but its details are rather technical and we omit them here. 
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8 Hydrogen atom model 



The purpose of this section is to introduce a hydrogen atom model within the framework of 
our theory for two interacting charges: an electron and a proton. We have no intend though 
to study this model in detail here. Our modest effort on the subject in this paper is, first, to 
indicate a similarity between our and Schrodinger's hydrogen atom models and to contrast 
it to any kind of Kepler's model. Another point we can make based on our hydrogen atom 
model is that our theory does provide a basis for a regime of close interaction between two 
charges which differs significantly from the regime of remote interaction which is the primary 
focus of this paper. Clearly the results on interaction of many charges as in Section 16.1.21 
do not apply to the hydrogen atom model. Indeed in this case the two charges are in close 
proximatity and the potentials can vary significantly over their locations, and hence, other 
methods have to be developed for the hydrogen atom model. 

To model interaction of two charges at a short distance we must consider the original 
system (I2.4.2p for two charges with —qi = q 2 = q > 0, that is 

iXWi = q Oi + <£ 2 m + 7. , 8.0.10) 

-VVi = -47rg|^ 1 | 2 , 

iXOtV>2 = o + 9 VPi + ^2) ^2 + o ' 

2m 2 2m 2 

VV 2 = -4vrg|^ 2 | 2 - 

Note that the model describes proton-electron interaction if q = e is the electron charge, x — h 
is the Planck constant, mi and m 2 are the electron and the proton masses respectively. Let 
us look now at time-harmonic solutions to the system (18.0. 10p in the form 

^ (t, x) = (x) , V 2 = e" iaJ2t n 2 (x) , ^ = $ 2 = ^. (8.0.11) 

q q 

The system (18.0. 101) for such solutions turns into the following nonlinear eigenvalue problem: 
■yVV + ($i - $ 2 ) u x + °±G' X (\ Ul \ 2 ) Ul = 2L UlUll (8.0.12) 



x 2 

where a± 



q 2 vti\ 



-|V 2 « 2 + ($ 2 - $0 u 2 + °^G' 2 {\u 2 \ 2 ) u 2 = ^u 2 u 2 , 

x 2 

where a 2 



q 2 m 2 



Here a\ coincides with Bohr radius. We seek solutions of ( 18.0. 12(1 ) satisfying the charge 
normalization conditions 

|ui| 2 dx=l, / |u 2 | 2 dx=l. (8.0.13) 

</R 3 

The potentials $j are presented using (18.0.101) as follows: 

= 4tt (-V 2 )" 1 \ui\ 2 = 4tt f MJZ) dy, i = 1,2. (8.0.14) 
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Let us introduce now the following energy functional 



£ (ux,u 2 ) 



(8.0.15) 




a x [iV^x^ + d (|^i| 2 )] 



2 



[|V« 2 | 2 + a 2 G 2 (| M2 | 2 )] 



2 



($i - $ 2 ) (K 




-J dx 



where $1, $ 2 are determined in terms of «i, w 2 by (18.0.141) . Notice that the equations (18.0. 12ft 
describe stationary points of the functional £ and can be obtained by its variation under 
constraints ( 18.0. 13ft with the frequencies wi,Co> 2 being the Lagrange multipliers. Observe 
that the energy functional and the constraints are invariant with respect to multiplication 
by —1, and that allows us to apply the Lusternik-Schnirelman theory which guarantees the 
existence of an infinite set of critical points under appropriate conditions. The critical points 
are the eigenfunctions of the corresponding Schrodinger operators (see, for example, [Heid] . 
[Lions] ) . Our preliminary analysis shows that properties of solutions are similar to those in 
the spectral theory of the hydrogen atom described by the linear Schrodinger equation. The 
smallness of the ratio mxjmi = 1/1836 of electron to proton masses plays an important 
role in the analysis. For the critical points with low energies the potential <3> 2 of the proton 
is close to the Coulomb's potential 1/ |x| at spatial scales of the order a\. For a properly 
chosen nonlinearity the quadratic part of the energy functional and the corresponding linear 
Schrodinger equation can be used to find discrete low levels of energy. Rough estimates of the 
energy levels of approximate solutions of the nonlinear problem based on the eigenfunctions 
of the linear Schrodinger operator show good agreement with well-known energy levels for 
the hydrogen atom if choose the size parameter a\ 10-20 times greater then the Bohr radius. 
It seems reasonable to assume that the wave function of a free electron contracts when it 
becomes bound to a positively charged proton and apperently its size is reduced by an order 
of magnitude. 

9 Comparison with the Schrodinger wave theory 

We already made some points on common features and differences between our theory and 
the Schrodinger wave mechanics in Section 12.51 and here we discuss in more detail a few 
significant differences between the two theories. Recall that the Schrodinger wave mechanics 
is constructed based on the classical point particle Hamiltonian 




(9.0.16) 



by substituting there, jPauli WM1 Section 2, 11], jPauli PWMl Sections 3, 4] 

^ ~ ^ 9 
p -)• — wv, £ -)■ in—, 



(9.0.17) 



that yields the celebrated Schrodinger equation 




(9.0.18) 
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The substitution (I9.0.17P is essentially the quantization procedure allowing to correspond the 
classical point Hamiltonian ( I9.0.16[) to the quantum mechanical wave equation (19.0. 18|) . If 
we introduce the polar representation 

V> = e ! f R, R>0 (9.0.19) 

then the Schrodinger equation (19.0. 18[) can be recast as the following system of two coupled 
equations for the real valued phase function S and the amplitude R, [H olland} Section 3.2.1], 



dS (VS) 2 h 2 V 2 R 

f! + V-^^0. (9.0,1) 
at m 

If we expand the phase S into power series with respect to K i.e. 

S = S + hS l + h 2 S 2 + ...., (9.0.22) 

we obtain from the equation (19.0.201) the so called WKB approximation, [Pauli PWMl Section 
12]. In particular, the function Sq satisfies the Hamilton- Jacobi equation 

!* + &£ + V = 0, (9.0,3) 

which shows, in particular, that the Schrodinger wave equation f l9.0.18[) does "remember" how 
it was constructed by "returning back" the original Hamiltonian H via the Hamilton- Jacobi 
equation (19.0.231) for Sq. 

Our approach works the other way around. We introduce the Lagrangian fl 3 . . 1 j) - (1 3 . . 3 f) 
and the corresponding field equations as a fundamental basis and deduce from them the clas- 
sical Newtonian mechanics as a certain approximation (see Sections [51 16. ip . To appreciate 
the difference let us look at a system of N charges. The here introduced wave-corpuscle me- 
chanics would have N wave functions and the EM fields defined over the same 3 dimensional 
space, whereas the same system of N charges in the Schrodinger wave mechanics has a single 
wave function defined over a 3iV-dimensional "configuration space". 

It is quite instructive to compare the polar representation (12.3. 16[) for wave-corpuscle ip 
with the same for the Schrodinger wave function ip for the potential V (x) = — gE cx • x cor- 
responding to a homogeneous external electric field (the eigenfunctions of the corresponding 
Schrodinger equations can be expressed in terms of the Airy functions, [ Pauli WM} Section 
26]). The amplitude ip (|x — r (t) |) of the wave-corpuscle in the expression (12.3. 16j) for ip 
is a soliton-like field moving exactly as the point charge described by its position r (t) in 
contrast to the amplitude R of the Schrodinger wave function which describes the location 
of the charge rather implicitly via the coupled equations (I9.0.2ip . The difference between 
the phases is equally significant. Indeed, the exponential factor e lS ^ x for the accelerating 
wave-corpuscle is just a plane wave with the phase S that depends only on the point charge 
position r and momentum p whereas the same for the Schrodinger equations captures the 
features of the point charge only via WKB approximation and the Hamilton- Jacobi equation 
(I9.0.23P which holds for the phase S only in the limit h — > 0. 

Let us now take a look at uncertainty relations which constitute a very important con- 
sequence of the Schrodinger wave mechanics as a linear wave theory. Detailed studies of 
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this subject is not in the scope of this paper but we can already see significant alterations 
of the uncertainty relations brought by the nonlinearity. W. Pauli writes in section "The 
uncertainty principle", |Pauli WMj Section 3]): "The kinematics of waves does not allow the 
simultaneous specification of the location and the exact wavelength of a wave. Indeed, one 
can only speak of the location of a wave in the case of a spatially localized wave packet. 
The number of different wavelengths contained in the Fourier spectrum increases as the wave 
packet becomes more localized. A relation of the form AkiAxi > constant seems reasonable, 
and we now want to derive this relation quantitatively" . Then in the same section he derives 
the well known Heisenberg uncertainty principle for a wavepacket in the form 

1 h 

AkAx > -, ApAx > -, (9.0.24) 

where Ax, Ak and Ap = HAk are respectively the spacial range, the wave number range and 
the momentum range for the wavepacket if) (x) defined by 

Ax 2 = [ (x-x) 2 |^(x)| 2 dx, x= f x|^(x)| 2 dx, (9.0.25) 

Ak 2 = [ (k- k) 2 #(k) 



2 

dk, where 



r (x) (-iA^(x) dx = jf a k |# (k) 



dk, 



if; (k) = — / e^iP (x) dx. 

Importantly, in the orthodox quantum wave mechanics, which is a linear theory, if if> (x) is 
the wave function | if) (x) | 2 is interpreted as the probability density for a point particle to be 
at a location x. Hence, in this theory the uncertainty is already in the very interpretation 
of the wave function, and Ax as in f l9.0.25[) is an uncertainty in the location of the point 
particle with a similar interpretation holding for Ap. Thus the exact form of the Heisenberg 
uncertainty relation ( 9. 0. 24\ ) is a direct consequence of the fundamental definition \9.0.11ty of 



the momentum and the definition of the uncertainty as in Ii9.0.25\) based on the probabilistic 
interpretation of the wave function. 

An important feature of the uncertainty relations in the linear theory is that any freely 
propagating wavepacket spreads out as a quadratic function of the time t and such a spread 
out takes a particularly simple form for a Gaussian wavepacket, [Pauli WM\ Section 3], 



(Ax) 2 = — * + ii^Lt 2 . (9.0.26) 



We would like to point out that the very concept of wavepacket is based on the medium 
linearity, and the same is true for of the uncertainty relations (19.0.241) . (19.0. 26ft as general 
wave phenomena. 

Let us consider now the here proposed wave-corpuscle mechanics from the uncertainty 
relations point of view. In wave- corpuscle mechanics we denote uncertainties in the position 
x and the momentum p by respectively by Ax and Ap using a different symbol A to empha- 
size the difference in their definition since the wave-function does not carry a probabilistic 
interpretation. We also limit our considerations of the uncertainties Ax and Ap to special 
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cases when a wave- corpuscle is an exact solution to either relativistic or nonrelativistic field 
equations, since in these cases we can argue more convincingly what constitutes uncertainty 
without giving its definition in a general case. 

Notice that a common feature of the dressed charge (wave-corpuscle) and a wavepacket is 
the wave origin of their kinematics as manifested by the equality of the velocity to the group 
velocity of the underlying linear medium. But, in contrast to a wavepacket in a linear medium, 
the free relativistic dressed charge described by the relations (I3.4.ip - (l3.4.4p does not disperse 
as it moves and preserves its shape up the Lorentz contraction. The de Broglie vector k and 
the frequency u> can be determined from the factor e - 1 (^*- kx ) j n ( |3.4.ip . and consequently the 
same applies to the total momentum P = Kk. In the case of a nonrelativistic wave- corpuscle 
as defined by relations (I4.3.ip . (I4.3.2p similarly its total momentum is P = mv = Kk. More 
than that as we show in Section [5] the wave-corpuscle as defined by relations (I5.1.2P is an 
exact solution to the field equations and it propagates in space without dispersion even when 
accelerates. 

To further clarify differences with the uncertainties in Schrodinger wave mechanics and the 
wave- corpuscle mechanics introduced here notice the following. The dressed charge described 
by the relations fl3.4.ip - fl3.4.4p is a material wave for which we can reasonably assign size D 
in relativistic and nonrelativistic cases by formulas 

D 2 (t)= [ (x-x) 2 ^l^dx, (9.0.27) 



where 

P (t, x) 



and, respectively, 



x — dx, 

Q 



P(t,x) ( #(x-vi)\ .2 
q V rnc z } 



and 

p (t, x) ° 2 . . 
yy ' ; = i) (x - vt) . 

1 

In the case of a relativistic or nonrelativistic wave- corpuscle we define "safely" the uncertainty 
Ax = D (t) and notice that it follows from the definition \9.0.24 ) and charge normalization 



conditions A3.0.11]) . ^4.0.14 ) that in fact Ax = D (t) = D does not depend on t. Hence, the 



uncertainty Ax = D unlike the uncertainty Ax from ( 19.0. 26p does not grow without bound 
for large times. As to the charges momentum P = mv = Kk we can argue that Ap = 
for the exact wave-corpuscle solutions. Indeed, for a wave-corpuscle as defined by relations 
f l3.4.ip - fl3.4.4p or ( I4.3.ip . (I4.3.2P respectively in the relativistic and nonrelativistic cases the 
motion of dressed charge is obtained by application of space translations (or the Lorentz 
transformations) to a fixed rest charge, therefore "every point" of the dressed charge moves 
with exactly the same velocity v similarly to a rigid body, which allows naturally define 
its velocity and momentum without uncertainty. Summarizing, we can conclude that in 
the wave-corpuscle mechanics the Heisenberg uncertainty principle cannot be a universal 
principle. 
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10 Relation to the Quantum Mechanics and hidden 
variables theories 



Since the wave- corpuscle mechanics (WCM) naturally covers all spatial scales one can wonder 
how it relates to the quantum mechanics (QM), including the probabilistic interpretation of 
the wave function, the hydrogen atom frequencies, the double-slit experiment, scattering of a 
charge by a potential created by another charge and more. In sections[8],[9]we already provided 
comparisons of some features of the WCM and the QM. But a systematic comparison of all 
fundamental features of the two mechanics requires more extensive studies of the WCM, and 
at this point we can only formulate hypotheses on some significant elements of the WCM 
and their relations to fundamentals of the QM. 

A key element of the WCM that has not been studied yet is a regime of time limited close 
interaction. More precisely, it is a regime when initially free moving charge undergoes for a 
naturally limited time a close interaction with another charge or an external EM field after 
which the charge continues to move freely again but with altered location and velocity. A 
typical example of such an interaction is when one moving charge is scattered by another one, 
or when a charge passes through a bounded domain in the space with a strong external EM 
field. Let us try to imagine what can happen according to the WCM to a charge during a time 
limited close interaction. Recall that in the WCM when charges are far apart every charge is 
represented by a particle-like well localized wave function as in (12.3. 16j) as a result of a fine 
balance of forces including the nonlinear self-interaction. Importantly, the cohesive action of 
the nonlinear self-interaction is very subtle, and by no means it is a brute attractive force 
since there is no action at distance in the WCM. Now, when one charge comes close to another 
or if it enters a domain with an external EM field varying at a sufficiently small scale, a fine 
balance of forces holding the charge together is disrupted. We can already see consequences 
of such a disruption in the WCM hydrogen atom model in section [8] where the electron size 
reduces by a factor of order 10 compare to that of the free electron under attractive action 
of a single proton. A disruption of the subtle cohesive action of the nonlinear self-interaction 
can also cause the charge wave function to spread out substantially and become wave-like. 
We can imagine further that during the time of interaction the evolution of the extended wave 
function is determined by an interplay of two factors: (i) the linear Schrodinger component 
of the field equation; (ii) its nonlinear component due the nonlinear self-interaction. Shortly 
after the interaction ends the wave-function of the charge restores the particle-like form 
but its position and velocity after the contraction will depend sensitively on details of the 
interaction. So, effectively, a limited time interaction switches one particle-like state of the 
charge to another. 

Based the above hypothetical features of a time limited close interaction one can explain 
how the entirely deterministic WCM can conceivably lead to some of probabilistic aspects 
of the QM. Suppose for the sake of argument that the time scale of the interaction process 
is smaller than an observer can resolve, and, consequently, he sees the interaction result as 
a transition from one particle-like state to another. The interaction process can alter the 
total momentum of the charge quite considerably. This momentum alteration combined with 
effects of the nonlinear self-interaction can cause an extreme sensitivity to the initial data 
and that in turn can make the transition look like it is random and, hence, a subject to a 
statistical theory. An interesting feature of the nonlinear self-interaction in the WCM that 
might be relevant to the extreme sensitity is that it is not analytic and singular for small 
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wave-amplitudes (see examples of the WCM nonlinearity in 14. 5J) . Consequently, small wave 
amplitudes can play far more important role in the WCM than in the case of conventional 
nonlinear it ies which are analytic for small amplitudes. Going further we observe that the 
WCM field equations are similar to the Schrodinger equation. Hence, it is conceivable that 
the statistics of the transition will be determined with certain degree of accuracy by a wave 
function satisfying an effective linear Schrodinger equation. Some general ideas on the "de- 
terminism beneath quantum mechanics" at the Planck scale were put forward recently by 't 
Hooft (see |t Hooftj and references therein). 

Let us use the described above hypothetical scenario of interaction to explain the double- 
slit experiment. Suppose that a single electron is fired by a device and moves freely as a 
particle-like wave toward a double-slit apparatus. As the electron approaches and interacts 
with the double-slit apparatus its wave function spreads out quite substantially, its ampli- 
tude reduces and consequently the electron turns into a "real wave". This extended wave 
penetrates through the both slits and over a limited time leaves the apparatus. Being outside 
of the apparatus in a free space the electron wave function contracts back to its particle-like 
shape and proceeds toward a sensitive screen until it hits it at a well defined impact location. 
Assume for the sake of argument that the initial condition of the fired electron can not be 
controlled with a sufficient accuracy (which may be higher than in the existing experiments). 
Then, the impact location can appear to be random with a statistics consistent with well 
known interference pattern as described in the modern double-slit experiments, |Greenstein[ 
Section 1.1]. 

Another qualitatively important regime is a regime of close interaction for an extended 
or even infinite period of time. This regime can occur, in particular, in complex systems 
involving many charges such as atoms, molecules or solids. As we have already indicated 
in Section [H] the WCM hydrogen atom has features which are very similar the Schrodinger 
one. In particular, the primary binding force in that model between the electron and the 
nucleus is the EM attraction. As to solids let us briefly recall basics of their treatment 
in the QM. As any theory of many particles, the fundamental QM theory of a solid is of 
enormous complexity, but the standard simplified QM treatment of charges in crystalline 
solids is based on a free-electron model with the following basics assumptions, |Ashcroft| 
Chapter 1]: (i) positively charged ionized atoms, consisting of nuclei and tightly bound to 
them "core electrons", form an immobile periodic lattice structure; (ii) "valence electrons" 
called also conductance electrons are " allowed to wander far away from their parent atoms" ; 
(iii) the conductance are non-interacting and independent and the interaction between a 
conductance electron and the periodic lattice is modeled via a periodic potential. Such a 
simplified QM theory is effectively reduced to the one-electron theory for the Schrodinger 
operator with the periodic potential. Consequently, the eigenfunctions of such an operator 
are of the Bloch form and are extended over the entire crystal. The fundamental WCM 
theory of a solid is of an enormous complexity as well, but similarly to the QM theory we can 
introduce a simplified WCM model for a solid based on the same assumptions as in the QM 
theory. Hence, as in the QM model there is an immobile periodic lattice of ionized atoms 
described by a periodic potential corresponding to an external electric field. The one-electron 
WCM model is similar to the QM one, but it differs from it by the presence of nonlinear 
self- interaction. In this non-relativistic WCM model a mobile conductance /valence electron 
is subjected to (i) attractive forces of the periodic lattice; (ii) electric force of its own electric 
field; (iii) nonlinear-self interaction forces. Since in a solid the distance between atoms is 
pretty small, it is of order the atom Bohr radius, the cohesive action of the nonlinear self- 
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interaction can be disrupted and the wave function can spread out significantly and even it 
might resemble a Bloch eigenmode, in which case the electron would occupy the entire crystal 
sample. 

The above considerations bring us naturally to issues of the charge size and the WCM 
theory locality. As the above considerations suggest in the WCM the electron size can vary 
significantly depending on whether it is free or if it is bound in a atom, or if it is a conductance 
electron in a crystalline solid. In particular, the size of the electron can increase dramatically 
when it undergoes a strong close interaction with an external EM field or a system of other 
charges. As to the locality of the WCM it is perfectly local in one sense but can be non-local 
in another sense. Namely, the WCM theory is perfectly local in the sense that there is no 
action of distance. But the charge evidently is not perfectly local since in the WCM it is 
not a point but at the best a localized wave which under indicated above conditions can 
spread out significantly. Consequently, it is conceivable within the WCM that an elementary 
charge being a spatially distributed quantity can be simultaneously at two distant spatial 
locations, and in this sense the WCM might deviate significantly from being a local theory. 
If one excepts that, then the Bell's inequalities [Bell! Section 2], [Gottfried] Section 12.3] do 
not apply to the WCM. A question if a modification of the Bell's approach is possible for 
the WCM would require more studies including, in particular, an introduction of the spin 
concept in the theory. 

One can also wonder what is a relation between the WCM and hidden variables theories, 
see [Gottfried] 12.2], [Holland! Section 1.5, 3.7.2], and a review article [Genovese] with ref- 
erences therein. Particularly, it is interesting to look how does the WCM compare with the 
Bohmian Mechanics (BM), [I], [Hollandl Section 3.1, 3.2], a well known example of hidden 
variables theories. Even a brief look on the WCM and the BM shows their significant differ- 
ences: (i) in the BM an elementary charge is a point whereas in the WCM it is a distributed 
quantity, a wave; (ii) the WCM theory is local in the sense that there is no action at distance, 
and it is no so for the BM; (iii) the WCM is a genuine Lagrangian Mechanics and, conse- 
quently, the Third Newton Law is always satisfied, and it is not so for the BM, [Holland! 
Section 3.3.2]. In addition to that, as we have already indicated above, the WCM might 
account for the QM statistics via the dynamic instability approximately, and the verification 
of that, including the accuracy of approximation, is a subject of future studies. But it is 
absolutely clear already that the statistical predictions of the WCM can not be precisely the 
same as those of the QM, since the WCM field equations might only approximately and un- 
der certain conditions produce the QM evolution equation. The later factor evidently differs 
the WCM from the BM in which the Schrodinger equation is an exact equation for the wave 
function part of the BM variables. 

11 Classical field theory 

In this section we discuss important elements of the classical field theory including the vari- 
ational principles and the Lagrangian formalism, gauge invariance and conservation laws. 
There are many classical references on the classical field theory: [Barut] , [Goldstein] , [LandauLif F] , 
[Morse Feshbach Tj Section 3.4], [Pauli RFThj and more. So we picked and chose different 
parts of theory from different sources to emphasize concepts and constructions important 
for our own arguments. Often we gave multiple references to provide different and comple- 
mentary points of view on the same subjects. We also extended some aspects of the theory 
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as needed. In particularly, we did that for an important for us subject of many charges 
interacting with the EM. 



11.1 Relativist ic Kinematics 



Here where provide very basic facts and notations related to the relativistic kinematics 
following to |Barutt Section 1], [LandauLif F\ Sections 1.1-1.4, 2], [Jackson} Section 11.3], 
[Goldstein} Section 7]. 

The time-space four vector in its contravariant x M and covariant x M forms are represented 
as follows 

x = x (1 = (x°, x\ x 2 , x 3 ) = (ct, x) , n = 0, 1, 2, 3; (11.1.1) 



x, 



:n.i.2i 



with the common convention on the summation of the same indices, and where g^ v or 
called metric tensor, 4x4 matrix, are defined by 



(11.1.3) 
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Notice also that, [Jacksonl Section 11.6], |Schwabl[ Section 6.1] 
g^u = Q^Qov = <5 M „ where 5^ v is the Dirac symbol, {5^} = 
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(11.1.4) 



and 
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The elementary Lorentz transformation to a moving with a velocity v frame is 
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11.1.5) 



(11.1.6) 



If for a space vector x we introduce xii and xj_ so that they are respectively its components 
parallel and perpendicular to the velocity v, i.e. x = xy + xj_, then (11 1 . 1 . 6[) can be recast as 

x ' = 7 (x° - /3 ■ x) , xj, = 7 (x|| - (3x°) , x' ± = x ± , (11.1.7) 

which in the case when v is parallel to the axis x 1 turns into 

x ' = 7 (x° - fix 1 ) , x 1 ' = 7 (a; 1 - 0x°) , x 2 ' = x 2 , x 3 ' = x 3 . (11.1.8) 

The Lorentz invariance then of a 4-vector x under the above transformation reduces to 

(11.1.9) 



(x 0, ) 2 -|xf = (x°Y- 
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The general infinitesimal form of the inhomogeneous Lorentz transformation is, |Moller| Sec- 
tion 6.1], 

x '» = x » + g»> Xv + a", e v = (n.i.io) 

where ^ v and a M are its ten parameters. 

The Lagrangian L p of the moving point mass is 



2 - 



L p = -mc\/l- (-) , (11.1.11) 



implying the following nonrelativistic approximation 

IV '«1. (11.1.12) 



L p = -mc H — , for 



mv 

y ' 



2 V 



c 



The momentum (the ordinary kinetic momentum) and the energy of the point mass for the 
relativistic Lagrangian L p defined by (111.1. lip are, [LandauLif F[ Section 2.9], 



mv n _ mc 2 



£=p°c = p-v-L = — =cy / p 2 + m 2 c 2 . (11.1.13) 



i) 2 \A-(f 2 



The relativistic Lagrangian L p of a point charge q with a mass m in an external EM field 
as described by electric potential and vector potential A is defined by, [Jackson} Section 
12.1] 



L p = -mc 2 y 1 - (-J -g^ + ^v-A. (11.1.14) 

For this Lagrangian the ordinary kinetic momentum p, the canonical (conjugate) momentum 
p, and the Hamiltonian H p are defined by the following relations 

mv q . . 

P = , P = P + -A, 11.1.15 

(?) 2 



H p = p • v - L = ^(cp - gA) 2 + m 2 c 4 + g^, (11.1.16) 
and the Euler-Lagrange equations are 

— = F = gE + -v x B, and — = gv • E, where E = -Vip - B = V x A, (11.1.17) 
at c at at 

where F is the Lorentz force, and E and B are respectively the electric field and the magnetic 
induction. 

The nonrelativistic version of the above Lagrangian in view of ( I11.1.12p is, |Goldstei"n| 
Section 1.5] 

77? f" 2 ft (\v 

L p = — -q V (r) + ^A (r) -r,r=-. (11.1.18) 
2 c at 

The corresponding ordinary kinetic momentum p, the canonical (conjugate) momentum p, 

and the Hamiltonian H p are defined by the following relations 

• 2 

q 7721" 

p = mr, p = p + -A, H p = p • r - L = — h qip. (11.1.19) 

C Zi 

90 



The canonical Euler-Lagrange equations for the nonrelativistic Lagrangian f ill. 1. 18|) take the 
form 

dp a d 

J£ = - q V<p + I [DA] r, [DA] ■ = —A, j = 1, 2, 3, (11.1.20) 

or, if use p = p + |A and the identity 

dA dA r . . . . 

- = - +|D A] f , (11.1.2!) 



we can recast f ill. 1.201) as 



* = m ^ = p = s B + £^ X B, (11.1.22) 
at d z t c at 



where the right-hand side of the equation (111.1.221) is the Lorentz force. Importantly for 
what we study in this paper the canonical Euler-Lagrange equation f lll.l.20p involves the 
canonical momentum p and the canonical force —qV<f + - [DA] r which manifestly depend 
on the EM potentials (p and A rather than EM fields E and B. Consequently, the equation 
(111.1.201) involves quantities which are not directly measurable in contrast to the equivalent 
to it equation (II 1.1. 22ft which is gauge invariant and involves measurable quantities, namely 
the kinematic momentum p and the Lorentz force gE + 2 r x B. 

11.2 Lagrangians, field equations and conserved quantities 

In this section we collect basic well known facts on the Lagrangian formalism for classical 
fields following to |Barutl Section III. 3], [Morse Feshbach lj Section 3.4], |Pauli RFTh] and 
other classical sources. Let us assume that physical systems of interest are described by fields 
real- valued q (x), £ = 1, . . . , N, with the Lagrangian density 

C({q £ (x)},{ql(x)},x), ql(x) = d,q l (x) , ^ = 0,1,2,3, (11.2.1) 

According to the Lagrangian formalism the field equation are derived from the variational 
principle 

5 £dx = (11.2.2) 
Jr 

where R is four-dimensional space-like region with a three-dimensional boundary dR. Impor- 
tantly, the variation 5 is such that 5q e vanish on the boundary dR. Then the corresponding 
Euler-Lagrange field equations take the form 



DC „ dC 

7 

The equation f 1 1 1 . 2 . 3 f) can be recast in a Hamiltonian form as 



A ' = a?- a <w=°- (1L2 ' 3) 



dree ^ dC dC dC 



d^= Fe ^ e= Wo ,Fe= d¥ e ~^ d "W; Xo = ct ' (1L2 ' 4) 

where ir^ is interpreted as the canonical momentum density of the field q e and is the 
canonical force density acting upon the field. The term of the canonical force density 
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has to do with external forces acting on the field q e . In the view of the last remark, if the 
Lagrangian L involves a nonlinear terms Gf (q e ) its derivative |p can be interpreted as a 
self- force. 

In our considerations the fields q e (x) describe elementary charges (and in fact they are 
complex-valued) and the potential 4-vector field describes the classical EM field. The 
extension of the Lagrangian formalism to complex- valued in considered in a following section. 

The canonical energy-momentum tensor (also called stress- energy tensor or stress-tensor) 
is defined by the following formula, |Barutl (3.63)], [LandauLif F\ Section 32, (32.5)], [Goldstein] 
Section 13.3, (13.30)], jSchwabll Section 12.4, (12.4.1)] 

with the energy conservation laws in the form, [Barutl (3.94)], [Goldstein! (13.28)] 

dC 

dfjT^ = - — . (11.2.6) 

Notice that in [M orse Feshbach 1\ (3.4.2)], [Goldstein] Section 13.3] the canonical energy- 
momentum tensor is defined as matrix-transposed to T^ v defined by fll 1.2.5B . namely — > 
T Ufl . The conservation laws for the energy-momentum are examples of conservation laws 
obtained from the Noether's theorem considered below in Section 111.31 

In the case of the Lagrangian £, does not depend explicitly on x Vl in other words invariant 
under translations x u — > x v + a V) = and the conservation laws flll.2.6j) turn into the 
following continuity equations, 

8^ = 0. (11.2.7) 

A typical situation when the general conservation laws (111.2. 6p apply rather than ( I11.2.7P 
is the presence of external forces which can "drive" our field. For instance, an external EM 
field driving a charge or an external "imposed" current which becomes a source for the EM 
field. 

We would like to remind the reader that the canonical tensor of energy-momentum defined 
by (I11.2.5P is not the only one that satisfies the conservation laws fll 1 .2.6j) or (lll.2.7p . For 
instance, any tensor of the form, jBarut] (3,73)], [LandauLif F\ (32.7)], |Pauli RFThl (14)] 

= - d,J^\ where f^ v = -f^, (11.2.8) 

would satisfy f ll 1 .2. 7j) as long as does. In view of the ( I11.2.8P the energy-momentum 
tensor T^ u satisfy the same conservation laws (I11.2.6P or ( I11.2.7P as T^, namely 

dC 

d^ = - — , (11.2.9) 

OXv 

or, if the Lagrangian L does not depend explicitly on x u and, hence, invariant under time 
and space translations, the above conservation laws turn into 

<9 M T^ = 0. (11.2.10) 

In fact, this flexibility in choosing the energy-momentum can be used to define f 1 ^ and 
construct a symmetric energy-momentum tensor T^ v i.e. = T^, which is a necessary 
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and sufficient condition for the field angular momentum density to be represented by the usual 
formula in terms of the field momentum density, [LandauLif F\ Section 32], [Barutt Section 
III. 4]. The symmetry of the energy-momentum tensor for matter fields is also fundamentally 
important since it is a source for the gravitational field, [Nair| Section 3.8], [MisnerJ Section 
5.7]. As to the uniqueness of the energy-momentum we can quote [Misner) Section 21.3]: "... 
the theory of gravity in the variational formulation gives a unique prescription for fixing the 
stress-energy tensor, a prescription that, besides being symmetric, also automatically satis- 
fies the laws of conservation of momentum and energy" . This unique form of the symmetric 
energy-momentum can be derived based on a variational principle involving charge of bound- 
ary, with varied boundary, |Barut[ Section 111.3(B)], and under the following assumptions: 
(i) the Lagrangian does not depend explicitly on x; (ii) the fields q l (x) satisfy the fields 
equations (11 1.2.31) ; (iii) the fields vanish at the spacial infinity sufficiently fast. The result 
is a symmetric Belinfante-Rosenfeld energy-momentum tensor T^ u , [Barutt (3.73)-(3.75)], 
[Pauli RFThl (13a), (13b), (13c), (14)], jBelinfantelj . |Belinfante2j . jRosenfeldj . namely 

T" u = T" u - d 1 f^ v = yfT^ ~ ~ <V^ 7 > where (11.2.11) 



\Li t o t , ~\-^ e o e , — ia t a e \q 



1 dq 



where the tensor S^ u describes the infinitesimal transformation of the involved fields q l (x) 
q (x f ) along with the infinitesimal inhomogeneous Lorentz transformation of the space time 
vector x — > x' as described by (111.1.10)) . namely, 

x '» = x» + i^x v + a M , e u = -f", (11.2.12) 

where ^ and a M are the ten parameters, and 

q* (x') = q* (x) + ^ S?V (x) , Sir = Sfr. (11.2.13) 

V 

In particular, [Barutl 111.4(A)], 

s\r = oif q is a scalar field, (11.2.14) 
gov* = g an g v _ g a» g » if g is a vector field . (11.2.15) 

The conserved quantities are, |Barut} (3.76)-(3.77)], [Pauli RFThl 



p» = [ T^da M , «T 7 = I M^da^, Af" 7 = T^x 7 - T^x u , (11.2.16) 

J a J <t 

where a is any space-like surface, for instance Xq = const. P v is four-vector of the total 
energy-momentum and J U1 = —T' v is the total angular momentum tensor. The differential 
form of the conservation laws is 

d fJ T tlP = 0, d^M^ = T 7I/ - T 1 " 7 = 0. (11.2.17) 

Observe that the conservation of the angular momentum M^ 7 in (II 1.2.17ft implies the sym- 
metry of the energy- momentum tensor and, in view of All. 2. lip , the following identities, 
[Barutl (3.81')], 

T ,u = J- —if* - d,f^ = -qT^ ~ fly/^- ( 1L2 - 18 ) 
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For an alternative insightful derivation of the symmetric energy-momentum tensor based 
on kinosthenic (ignorable) variables and the Noether's method as a way to generate such 
variables we refer to [Lanczos VP\ Section 3.5, 3.6, 3.10]. Interestingly under this approach 
the conservations laws take the form of the Euler-Lagrange equations for those kinosthenic 
variables. We would like to point out that the symmetry of the energy-momentum tensor and 
the corresponding identities U1.2.18\) are nontrivial relations which hold provided that the 
involved fields satisfy the field equations Ul.2.3]) . 

Since the symmetric energy-momentum tensor T^ u is the one used in most of the cases 
we often refer to it just as the energy-momentum tensor, while the tensor T^ v defined by 
(I11.2.5P is referred to as the canonical energy-momentum tensor. 

The interpretation of the symmetric energy-momentum tensor entries is as follows, 
[LandauLif Fl Section 32], [Goldstein] Sections 13.2, 13.3], [Morse Feshbach H Chapter 3.4] 



rpfjLU 



u 



Si 



cpi 
-an 



CP2 
-0-12 



CP3 
-0"13 



S2 —°~2l —0~22 — °~23 
L S3 — (731 — °~32 ~ <J 33 



11.2.19) 



where 



u 


field energy density, 


Pj, 3 = 1,2,3, 


field momentum density, 


Sj = c 2 pj, j = 1,2,3, 


field energy flux density, 


o~ij = o~ji, j = 1, 2, 3, 


field symmetric stress tensor. 



If we introduce the 4-momentum and 4-flux densities by the formulas 



11.2.20) 



1 



P 



-T 



0i/ 



1 



-u,p 



cT 



u0 



(cu, s) . 



then the energy-momentum conservation law (I11.2.9P can be recast as follows 

d tP u + d 3 TjV z 

i=l,2,3 



dx,. 



11.2.21) 



or, in other words, 



d t Pi 



Yl 9 ^ ~ Where ^ = 



j=l,2,3 



, 0~ji 



rpji 



i,3 



d t u + djSj = — — — , where 

i=l,2,3 



U 



T 



00 



Si 



cT 



i0 



C Pi 



1,2,3, 



1,2,3. 



11.2.22) 
11.2.23) 



If the Lagrangian £, does not depend explicitly on x v the above energy-momentum conserva- 
tion laws turn into 



dtPi = 22 d i a w where p, L = -T 

5=1,2,3 



0; 



, 0~ji 



rpji 



hJ 



1,2,3, 



d t u + d i s o = °> where u = T °°' s i = cTi ° = c2 Ph i = 1,2, 3. 

3=1,2,3 



11.2.24) 
11.2.25) 
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Consequently, the total conserved energy momentum 4-vector takes the form 

p v = 1 f jto>( x j dX; (11.2.26) 

and its components, the total energy and momentum are respectively 

H = C P°= [ T 0u (x) dx, P ] = [ T 0j (x) dx, j = 1,2,3. (11.2.27) 

Evidently, the formulas (111.2.261) . (II 1.2. 27ft are particular cases of the formulas (111.2. 16ft for 
the special important choice of a = {x = (xq, x) : x 6 K 3 }. 

Importantly, for closed systems the conserved total energy-momentum P v and J V1 angular 
momentum as defined by formulas Ml. 2. lb]) and Ml. 2. 2b]) transform respectively as J^-vector 
and 4-tensor under Lorentz transformation and that directly related to the conservations laws 
(lll.2.17p . |Moller| Section 6.2], |Jackson| Section 12.10 A]. But for open (not closed) systems 
generally the total energy-momentum P v and J V1 angular momentum do not transform as 
respectively 4-vector and 4-tensor, |Moller| Section 7.1, 7.2], |Jackson| Section 12.10 A, 16.4]. 



11.3 Noether's theorem 

In this section following to [Goldstein! Section 13.7] we provide basic information on the 
Noether's theorem which relates symmetries to conservation laws based on the Lagrangian 
formalism. Suppose that the Lagrangian £ as defined (II 1.2. lj) does not depend explicitly on 
the field variable q . Then the Euler-Lagrange equations (II 1 .2.3)) for that variable turns into 

dC 

«v; = o, Jjt = Qjr, (n.3.1) 

which is a conservation law (continuity equation) for the four-" current" Jjf. Noether the- 
ory interprets the above situation as certain invariance (symmetry) of the Lagrangian and 
provides its far reaching generalization allowing to obtain conservation laws based on the 
Lagrangian invariance (symmetry) with respect to a general Lie group of transformation. 
Symmetry under coordinate transformation refers to the effects of infinitesimal transforma- 
tion of the form 

x» ^x'» = x fi + 5x f *, (11.3.2) 

where the infinitesimal change Sx^ may depend on other x v . The field transformations are 
assumed to be of the form 

q l (x) ->• q" (x') = q e (x) + 5q e (x) , (11.3.3) 

where 5q £ (x) measures to total change of q due to both x and q l and it can depend on other 
field variables q £l . We also consider a local change Sq (x) of q £ (x) at a point x 

q' l (x) =q e (x) + 5q i (x) (11.3.4) 

We assume the following three conditions to hold for the transformations (II 1 .3.2p - (ll 1.3.3j) : 
(i) the 4-space (time and the space) is flat; (ii) the Lagrangian density C displays the same 
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functional form in terms of the transformed quantities as it does of the original quantities, 
that is, 

£{W (*)} > Ul = 00} , {<# 00} ,<0; (n-3.5) 

(hi) The magnitude of the action integral is invariant under the transformation, that is 

C({q e (x)},{ql(x)},x)dx= [ C{{f (x')} , {q% (x')} ,x') dx', (11.3.6) 

where ^ is 4-dimensional region bounded by two space-like 3-dimensional surfaces and dx = 
yfdet ^|dxodxida;2dx3. 

If the three above conditions are satisfied the following conservation law holds 

8jC - 

<V M = 0, J" = V — (x) + CSx". (11.3.7) 

dq^ 

The above conservation law can be made more specific if we introduce infinitesimal parameters 
£ r related to Lie group of transformations and represent 5x^ and 5q e in their terms, namely 

6x* = 52 r X?t r , 6q l = 52 r Cfe r , (H.3.8) 

where the functions and Q e r may depend upon the other coordinates and field variables, 
respectively. Then we for r the following conservation law holds for the respective Noether's 
current J^ 1 : 

dC 

For instance, in the case of the group of inhomogeneous Lorentz transformations defined by 
( Ill.l.lOP there are ten parameters and ^ u and consequently there are ten corresponding 
conserved quantities P^and J V1 = —J 1V defined by (111.2. 16p . Another important example is 
the group of gauge transformation of the first kind defined by (I11.5.7P below. For this group 
there is a conserved current J lv for every £ defined by flll.5.14p . 



E,^- £ «] A '"-E,g«- (11.3.9) 



11.4 Electromagnetic fields and the Maxwell equations 

We consider the Maxwell equations 

V-E = 4tt£, V-B = (11.4.1) 

1 1 47T 

VxE + -<9 4 B = 0, VxB--9(E=- J. (11.4.2) 

c c c 

for the EM fields and their covariant form following to |Jackson[ Section 11.9], [LandauLif EM| 
Sections 23, 30], [Griffiths} Sections 7.4, 11.2], in CGS units. To represent Maxwell equations 
in a manifestly Lorentz invariant form it is common to introduce a four-vector potential 
and a four-vector current density J u 

A" = (p,A), J" = (c&J), (H.4.3) 
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and, then, an antisymmetric second-rank tensor, the "field strength tensor, 
so that 



;il.4.4) 



and 






-E, 


—E2 


—E 3 




E 1 


E 2 


—E 3 


E L 





-B 3 


B 2 


F = 


-E 1 


-B 3 


B 2 


E 2 


B3 





-B x 




— E 2 B 3 





-B 1 


E3 


-B 2 


Bi 







—F 3 —B 2 


B 1 









E 


= -V<p - -d t A, 
c 


B = V x A. 







11.4.5) 



11.4.6) 



Then the two inhomogeneous equations and the two homogeneous equations from the four 
Maxwell equations (II 1.4. lj) take respectively the form 



4:71 

c 



(11.4.7) 

d a F h + d p F ia + <9 7 F a/3 = 0, a, (3, 7 = 0, 1, 2, 3. (11.4.8) 

It follows from the asymmetry of , the Maxwell equation flll.4.7j) and f lll.4.3j) - fjll.4.4j> 
that the four-vector current J M must satisfy the continuity equation 



d^Jf = or d t g + V • A = 0. 



11.4.9) 



The Maxwell equations (I11.4.7P turn into the following equations for the four- vector potential 
A" 

DA" - d u d^ = ^-J u , (11.4.10) 



where 



□ = = —d\ - V 2 (d'Alembertian operator). 



11.4.11) 



According to |Jackson| Section 11.10] the electric and magnetic fields are transformed from 
one frame to another one moving relatively with the velocity v by the following formulas 



E' = 7 (E + (3 x B) - 
B' = 7 (B - p x E) - 
P=-, 0=\P\, 7 



7 



7 + 1 

,,2 



7 



7 + 1 



09- E) A 
(P-B)P, 



11.4.12) 



1 



which also can be recast as, [Grainer EMI Section 22], 

E' ± = 7 (E ± + P x B) , Ej| = E|, 
B' ± = 7 (B ± -/3xE), B|,=B|| 



11.4.13) 



97 



where subindices _L and || stand for vector components respectively parallel and perpen- 
dicular to v. Observe that for <C 1 the formulas (jll.4.12p . flll.4. 13[) yield the following 
approximations with an error proportional to /3 2 where J M is an external four- vector current. 

E'_l = E ± + /3 x B, Ej| = E||, B' ± = B ± - /3x E, Bj, = By. (11.4.14) 

The EM field Maxwell Lagrangian is, |Jackson| Section 12.7], |Barutt Section IV. 1] 

L em (A») = --i-i? i*" - -JJP, (11.4.15) 



where is an external (impressed) current. Using (111. 4.5ft . (111. 4.6ft and ( 111.4. 3p we can 
recast (111.4. 15p as 



L em (A") = J- (E 2 - B 2 ) - pep + - J • A 

S7T C 



11.4.16) 



1 

87 



Vif + -d t A - (V x A)' 

c 



pip + - J • A. 

c 



In particular, if there are no sources the above Lagrangians turn into 



—F F^ = — (E 2 - B 2 ) 

16tt m 8tt V 1 



11.4.17) 



1 

8^ 



Vif + -d t A ) - (V x A) 



The canonical stress (power-momentum) tensor 0**" for the EM field is as follows, |Jackson| 
12.104)], jBarutl Section III.4.D] 



F^d v A F^ Ft 

ATT 167T 



11.4.18) 



or, in particular, for i,j = 1, 2, 3 

e 00 = - 



E 2 - B 2 1 d A ■ E 
— + pep J • A , 

57T C 47T 

^ = djA-E ^ = EAip , (B x d A) 



11.4.19) 



47T 



47T 



47T 



47T 47T 87T C 



whereas the symmetric one G Q/3 for the EM field is, [Jacksonl Section 12.10, (12.113)], |Barut} 
Section III. 3] 

(11.4.20) 



~ Air V 4 " 



implying the following formulas for the field energy density w, the momentum eg and the 
Maxwell stress tensor r. 



nn E 2 + B 2 n . , n ExB 



57T 



47T 



11.4.21) 
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e*i = — 

47T 



J5^ + B t B 3 - ^ (E 2 + B 2 ) 



11.4.22) 



«/3 = 


W 

eg 


eg 

~ T ij_ 


, @a/3 — 


w —eg 
-eg -r y _ 




u> 
eg 


-eg 

~ T ij_ 


e = 


w eg 
_-cg -r -_ 



11.4.23) 



Note that in the special case when the vector potential A vanishes and the scalar potential 
<p does not depend on time using the expressions (111.4.61) we get the following representation 
for the canonical energy density defined by (lll.4.19j) 



e 



oo 



57T 



+ pip for A = and = 0, 



11.4.24) 



whereas 



oo 



It is instructive to observe a substantial difference between the above expressions G 00 , which 
is the Hamiltonian density of the EM field, and the energy density 00 defined by (111.4.21)) . 
If there no external currents the with differential conservation law takes the form 



d Q e a P = 0, 

and, in particular, the energy conservation law 



1 f dw 



c\dt 
S = c 2 f 



= d a Q ap = - ( + V • S j , where w is the energy density, and 

c 



11.4.25) 



11.4.26) 



47T 



E x B is the Poynting vector. 



In the presence of external currents the conservation laws take the form, |Jackson| Section 
12.10] 

d a Q°0 = -f, f = -F^J U , (11.4.27) 

c 



and the time and space components of the equations (I11.4.27P are the conservation of energy 
w and momentum g which can be recast as 



-JE, 

c 



pEi + - (J x B) 



11.4.28) 
11.4.29) 



The 4- vector f" in the conservation law ( 111.4.271) is known as the Lorentz force density 

(11.4.30) 



f = -F^J V = ( -J - E,pE+ -J xBl. 

c V c c 
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11.4.1 Green functions for the Maxwell equations 



This section in an excerpt from [Jacksonl Section 12.11]. The EM fields F^ v arising from an 
external source J v satisfy the inhomogeneous Maxwell equations 



which take the following form for the potentials A v 



An 



UA V -d v d u A» = —J u 
c 



11.4.31) 



11.4.32) 



If the potentials satisfy the Lorentz condition, d^A^ = 0, they are then solutions of the 
four-dimensional wave equation, 

DA" = —r (11.4.33) 



The solution of (lll.4.33|) is accomplished by finding a Green function D (x, x') for the equation 

DD (z) = 5 {4) (z) , D (x, x') = D (x - x') , (11.4.34) 

where 5^ (z) = 5 (zq) 5 (z) is a four-dimensional delta function. One can introduce then the 
so-called retarded or causal Green function solving the above equation flll.4.34p . namely 



D r (x — x') 



9 (x — x'q) S (x — x' Q — R) 
4^R ' 



R= Ix-x'l 



11.4.35) 



where 9 (xq) is the Heaviside step function. The name causal or retarded is justified by 
the fact that the source-point time x' is always earlier then the observation-point time xq. 
Similarly one can introduce the advanced Green function 



A, (x - x') 



9 [- (s - x' )] 5 (xq -x' + R) 
AtvR 



R = lx-x'1 



These Green functions can be written in the following covariant form 



D T (x — x') = —9(x — x' )5 (x — x') 2 
1 r 2 - 

D a (x - X) = —9 (X Q - Xq) 5 (x - x) 

where (x — x') 2 = (xq — x' ) 2 — |x — x'| 2 and 



11.4.36) 



11.4.37) 



5 



1 



x - x'Y = — [5 (xq - x' — R) + 8 (x - x'q + R)] . 
2R 



11.4.38) 



The solution to the wave equation (lll.4.33j) can be written in terms of the Green functions 

47T 



A" (x) = Al (x) + 



f 

7 D ' (l " l)/(l)dl 



or 



A v (x) = A" (x) + — I D a (x - x') J u fx') dx 



11.4.39) 
11.4.40) 
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where A\ n (x) and A u OVLt (x) are solutions to the homogeneous wave equation. In (11 1.4.39[) 
the retarded Green function is used. In the limit Xq — > — oo, the integral over the sources 
vanishes, assuming the sources are localized in space and time, because of the retarded 
nature of the Green function, and A\ n (x) can be interpreted as " incident" or " incoming" 
potential, specified at x — > — oo. Similarly, in (lll.4.40p with the advanced Green function, 
the homogeneous solution A u out (x) is the asymptotic " outgoing" potential, specified at x — > 
+00. The radiation fields are defined as the difference between the "outgoing" and "incoming" 
fields, and their 4-vector potential is 

47T f 

(*) = ^out (?) ~ An (x) = -jD(x- x') r {x>) dx, where (11.4.41) 
D (x — x) = D T (x — x) — D a (x — x) . 




11.5 Many charges interacting with the electromagnetic field 

In this section we consider the Lagrange formalism for complex- valued fields ip , £ — 1, . . . , N 
that describe charges following to |Pauli RFTh| Part I] and [Wentzell Section 1.3]. For every 
complex- valued ip e we always assume the presence of its conjugates ip e *, so the product ijj e ijj e * 
is real. The Lagrangian is assumed to be real valued and its general form is 

C = C ({^,^,^*,^;, } , {V\V^} ,<) , (11.5.1) 

where { V 9 } are real- valued quantities. In the Lagrangian (11 1.5. II) the fields ip and their con- 
jugates ip* e are treated as independent and the corresponding Euler-Lagrange field equations 
are, }Morse Feshbach lj Section 3.3], |Wentzel[ Section II. 3, (3.3)], 

= 0, (11.5.2) 

The canonical energy-momentum tensor for the Lagrangian (lll.5.ip is similar to the general 
formula (jll.2.5p . namely 

fv = y IVLtf* + •* + y - <rc. (n.5.3) 

In the case when the Lagrangian C depends on only complex-valued fields tp and ip the 
canonical stress tensor is symmetric and is of the form, |Morse Feshbach T| (3.3.23)], |Wentzel| 
(3.8)], 

r " v = E TT^ + ^** ,V - ^ 1L5 - 4 ) 

An important for us special case of the Lagrangian (jl 1.5. ip is when there are several 
charges described by complex valued fields ip and interacting with the EM field described 
by the real- valued four-potential A^. For this case we introduce the Lagrangian of the form 

£({v^,v^,v&M M )= (n-5.5) 

= y ^, 0*, - = d»A" - 9>AK 
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where we have introduced the so-called covariant derivatives ip and ip* by the following 



formulas 



where 



• £ • I 



11.5.6) 



In the above formula for every £ the real number q e is the charge of the £-th elementary 
charge and d^ and d £fl * are called the covariant differentiation operators. The particular 
forms flll.5.5l) - flll.5.6|) of the multiparticle Lagrangian £ and its £-the charge components 
L e originates from the condition of gauge invariance. More precisely, one introduces the 
gauge transformation of the first or the second kind (known also as respectively global and 
local gauge transformation) for the fields ip e and ip *. These transformations are described 
respectively by the following formulas namely, |Pauli RFThl (17), (23a), (23b)], [Wentzell 
Section 11, (11.4)], 



iff -> e 17 ip\ V -> e 



- i7 V*, 



where 7 is any real constant, 



11.5.7) 



if) -> e" 



iq l X(x) 



'if;*, ifj e * -> e 



'if; 



I* 



, A» ->■ A" + <9 M A, 



11.5.8) 



and the Lagrangian is assumed to be invariant with respect to the all gauge transformations 
( 111.5.71) . (111.5.8)1 . Notice that for the multi-charge Lagrangian C as defined by ( 111.5.51) - 
( 111. 5. 6j) the following is true: (i) every charge interacts with the EM field described by the 
four-potential (ii) different charges don't interact directly with each other, but they 
interact only indirectly through the EM field. 

We also introduce the following symmetry condition on charges Lagrangians L e : 



dL l 



£* 



if; 



dL l 



ip e * + 



dip 



; V 



diJ_ 

t* 

V 



dip 



if; 



11.5.9) 



As we show below the symmetry condition $11.5.9\) implies that energy-momentum assigned 
to every individual charge is symmetric and gauge invariant energy-momentum. A simple 
sufficient condition for the symmetry condition ( 1 1 1 . 5 . 9 j) is a requirement for the Lagrangians 
L e to depend on the field covariant derivatives only through the combination ip e,tJ- ip^*, in other 
words if there exist such functions K l (ip , ip e *, 6) that 



Indeed, in this case 



11.5.10) 



dLi ^ + 



dip 



dK* 
~~db 



(ip e '^*ip e ' u + ip e '^ip e ' u *) 



11.5.11) 



readily implying that the symmetry condition (1 1 1 . 5 . 9 j) does hold. 

The field equations for the Lagrangian C defined by (lll.5.5l) - flll .5.6R are 



dip 1 " 



dV_ 



0. 



d, 



dL e 



0. 



11.5.12) 
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Q^V = ^_J V ^ pilV = QH A V _ QU A ^ J V = J2 J^, (11.5.13) 

c I 

where J lu is the four-vector current related to the £-th charge is defined as follows. Under 
the gauge invariance conditions (lll.5.7p . fl 1 1 . 5 . 8 j) for the Lagrangian £ using the Noether's 
theorem and the formula fl 1 1 . 3 . 9 j) one can introduce for every charge ip £ the following J^-vector 
current, jPauli RFThl (19)], jWentzell (3.1 1)-(3.13)] 

^ = [ TTTrP - ira^ ) , (11-5.14) 

or, since J u = (cp, J), 






x \W t 

dL e dL 



i 




r-—^ > 3 = 1,2,3, 



<)>.■[ , or: 1 , 

which satisfy for every i the charge conservation/continuity equations 

d v J iv = 0, or d tP l + V ■ J e = 0, J lu = (cp e , J e ) . (11.5.16) 

Notice that in view of the relations f 11 X . 5 . 5 1) - f 1 1 1 . 5 . 6 j) the following alternative representation 
holds for the four-current J lv defined by (jll.5.14p 




We would like to emphasize here the physical significance of identity {11.5.11 ) equating two 



complementary views on the electric current: (i) as a source current in the Maxwell equa- 
tions U1.5.13\) ; (ii) as the gauge electric current {11.5. 14\ ) satisfying the continuity equation 
U 1.5. 16}) . Notice that the equality fl 1 1 . 5 . 1 7j) originates from a particular form of the coupling 
between the EM field and charges in the Lagrangian (111.5. 51) . namely the coupling through 
the covariant derivatives (lll.5.6p . One may also view the electric currents identity (111.5. 1 7[) 
as a physical rational for introducing the coupling exactly as it is done in the expressions 



11.5.1 Gauge invariant and symmetric energy-momentum tensors 

In this subsection we consider a Lagrangian defined by formulas (lll.5.5p - (lll.5.6p and assume 
it to be gauge invariant with respect to transformations if the first and the second type. 
To obtain an expression for the total symmetric energy-momentum tensor T^ u for such a 
Lagrangian we use the theory described in Section lll.2[ formulas (111. 2. lip and (lll.5.4p . 
namely 

<p» = fnv _ Q^f^ } = q^ + J2 f^ v , (11.5.18) 

i 
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where the canonical energy-momentum of EM field and the energy-momentum tensor 
T ifiu of £-th charge are represented as follows (see [Jacksonl (12.104)], |Barutt Section III.4.D] 
for and fill. 5.41) for f^ u ) 

fi,u = ^^dtf^_ l (H.5.19) 

9^ = -—F^d u Ay + g^ F 7FgT . (11.5.20) 
An 7 y 16tt v ; 

The above canonical energy-momenta tensors are neither gauge invariant nor symmetric. To 
find a representation for f^ lv in the formula f 1 1 1 . 5 . 1 8 1) for T^ LU we use the formulas fill. 2. lip 
noticing that for the scalar fields ip and we apply the formula ( 111.2. 14p . whereas for the 
vector field we apply the formula f ill. 2. 15p . This yields 

ft*v = _J_ F ^a u , (11.5.21) 
An 

and, consequently 

-<9 7 — f mv = — <9 7 (F^) A" + —F^d^A u = (11.5.22) 

1 An An 7V ' An 7 v ' 

c An 7 

where we used the Maxwell equations ( II 1.5. 13ft producing a term with the current J M = 
J e>Jj . We introduce now the following energy- momentum tensors 

T^ u = f^ u - -J e>1 A u , 0"" = 9^ + —F^d^A\ (11.5.23) 
c An 

and using relations (111. 5. 17ft and ( 111.5.191) we find that they have the following representations 

6^ = — (g^F^F*" + -g^F^F^) , (11.5.24) 
An \ A J 



ar£ are 

= + St^™ - g ^L". (11.5.25) 



The formula ( 111.5. 24p is a well known representation (lll.4.20p for the symmetric and gauge 
invariant energy- momentum tensor of the EM field (see [Jackson^ Section 12.10], |Barut[ 
III. 3]). Notice also that each tensors T ^ u defined by (111.5.251) is manifestly gauge invariant. 
In the case when symmetry condition (1 1 1 . 5 . 9 j) is satisfied T £fJ-l/ is also symmetric. 

Using flll.5.24p and (I11.5.25P we define now the total energy-momentum tensor by 

= Q^ + J2 (11.5.26) 

t 

and that it is an admissible since it differs from the canonical one by the divergence d 1 f^ lu . 

In the case of the Lagrangian of the form fill. 5. 101) in view of (111.5.111) the energy- 
momentum expression fill .5.251) turns into 

= — — U^*^ v + ^ ;/ y ;i/ *) - g^K 1 . (11.5.27) 
do ' 
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Consequently, as expected the energy conservation low for the total system takes the familiar 
form 

d^ v = d ^ + d ^ = °- (11.5.28) 

i 

11.5.2 Equations for the energy-momentum tensors 

Notice that using the field equations flll.5.12p -f lll.5.13j) and the expression (lll.5.24p for the 
energy-momentum of the EM field we get (see details of the derivation in [Jacksonl 
Section 12. IOC]) the following equation 

= —J^, where J„ = ^ J*. (11.5.29) 

i 

We show below that the above equation for the energy-momentum is complemented 
by the following equations for the energy-momenta T etiU defined by f 1 1 1 . 5 . 2 5 [) of individual 
charges 

= -J^F"". (11.5.30) 

Observe now that in view of the representation (I11.4.30P for the Lorentz force the following is 
true: (i) the right-hand side of the equation (111.5. 30p is the Lorentz force exerted by the EM 
field on the £-th charge; (ii) the right-hand side of the equation f 1 1 1 . 5 . 2 9 [) is the force exerted 
by all the charges on the EM field and, as one can expect based on the Third Newton's Law, 
"every action has an equal and opposite reaction", this force it is exactly the negative sum 
of all the Lorentz forces for involved charges. In fact, based on general consideration of the 
equations for energy-momenta as in relations f 1 1 1 . 2 . 1 9 1) - (1 1 1 . 2 . 2 3 j) we can view the equations 
flll.5.29p - flll.5.30p with involved Lorentz forces as a continuum version of classical equations 
of motion. An important difference though of the equation ( lll.5.29l) - (lll.5.30p unlike the 
equations of motion for point particles do not by themselves determine the dynamics of all 
involved fields, and, in fact, they hold only under an assumption that the field equations 
flll.5.l2P - flll.5.13p are satisfied. ' 

To verify the identities flll.5.30p we, following to |Pauli RFTh| Part I, Section 2], introduce 



a useful computational tool for dealing with the covariant differentiation operators <9 M and 
<9 M * as defined in (111.5.61) . Namely, let us consider a function / ijj , if)*, ijj* jj, where 

Vv = ^V, VV = <9^, (11.5.31) 
Xc xc 

which is invariant with respect to the gauge transformations of the first kind (global) as in 
(TTTXT)) : 

ip — > ip* — > e~ llr ip* , where 7 is any real constant. (11.5.32) 
The invariance of / readily implies the following identity 



^-(f (e^V,^,e-V,e-^)) 
df df ~ , df df ~ 



11.5.33) 



7=0 



^ + diTf^ ~w~ = °" 
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Observe also that from the definition (111. 5. 61) of the covariant differentiation operators <9 M 
and <9 M * we have 



d»d v - d v d» 



^- (d»A v - d v A") = —F^ 
Xc xc 



11.5.34) 



Now for a gauge invariant / we have 
rTf = 



11.5.35) 



df 



Of « 



df 



ip - —^—daip + Trri 1 * + 
dip dip.^ dip 



df ~ 
oip. u 



which together with ( 11 1.5.33j) implies the following identity 



11.5.36) 



With an argument similar to the above on can verify that if / and g* are functions of ip, 
ip*, d^ip, d*ip* which transform under the gauge transformations HI 1 . 5. 32[) as e 17 / and e~ n g* 
then the following identity holds 



d v {fg*)=[d v f)g* + f(d v *g* 



(11.5.37) 

One can verify that the function T efll/ defined by f 1 1 1 . 5 . 2 5 [) is an expression for which the 
identities (I11.5.36P and (111. 5.37ft can be applied. Now applying these identities to d^T £ ^ u and 
using the field equations (II 1.5. 12ft together with identities (II 1.5. 34ft and the representation 
(I11.5.17P for the current J l v we obtain 



d^ v = d. 



()jJ + ^d*^i/j e * 1 - PL 1 



d 



£* 



+ 



d, 



dh l 

dL ' 



dip". 



$V + -^d^ip^ 



dr e ~ ~ 



9 < 



dl l 

d^*^* + ^-d £ ;d^ip e *- 



dLt fr>tf + ^^By + ^d^ip e * + ^-d e »*d e ;ip e * 



dip 



dipt 



dip 



dL e 



-iP 



dL 1 



diP^ dip 



P: 



£* \ }Q_ 

XC 



-J e F^ u = — J £ F"^ 



(11.5.38) 



which is the desired equation (jll.5.30p . 

Observe that the equation (111 .5.29H - f ll 1 .5.30]) for the energy- momenta are evidently con- 
sistent with the total energy conservation (111. 5.28ft . 
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11.5.3 Gauge invariant and partially symmetric energy-momentum tensors 

In our studies, in particular of non relativistic approximations, we have Lagrangians which 
are gauge invariant and invariant with respect space and time translations but they might 
not be invariant with respect to the entire Lorentz group of transformations. This subsection 
is devoted to this kind of Lagrangians with the main point that essentially all important 
results of the subsections 111.5.11 and 111.5.21 apply to them with the only difference that the 
energy- momentum tensor is not fully symmetric but commonly its space part, the stress 
tensor, is symmetric. 

As in the previous subsection we assume the Lagrangian to be of the form described by 
formulas ( lll.5.5p -( lll.5.6p and assume it to be gauge invariant with respect to transformations 
if the first and the second type and invariant with respect space and time translations. 
A careful analysis of the arguments in subsections 111.5.11 and 111.5.21 which produced the 
expressions (lll.5.24[) and f lll.5.25[) for respectively energy-momentum of the EM field 
and energy-momenta T ^ u of charges show the same expressions hold for gauge and translation 
invariant Lagrangian even if it is not invariant with respect to the entire Lorentz group of 
transformation. 

We notice first the field equations and expressions for conserved currents are provided by 
f lll.5.12p . ( 111.5.130 . flll.5.14p . flll.5.15p . ( 111.5.170 . namely 



d_V_ 



0, ^jr-di 



dL l 



■in 



11.5.39) 
11.5.40) 



where J is the four-vector current related to the £-th charge is defined by 



J 



iv 



.q e ( dL e 



— l- 



X 100* 



0V> 



! 0A 



11.5.41) 



or, since J u = (cp, J), 



X V^fo 00*o 



x \di> £ y 00*/ 



11.5.42) 



Then we assign to the energy-momenta of the EM field Q^ u and the £-th charge T £fiu respec- 
tively expressions (jll.5.240 and (lll.5.25p . namely 



T ifiu = Jjtw _|_ U,J „ _ „/«■ 



0^ 



00 



f* 



g^U 



11.5.43) 
11.5.44) 



The above expressions for the energy-momenta are manifestly gauge invariant. 
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Looking at the arguments in subsections 111.5.11 and 111.5.21 we compare the above ex- 
pressions of the energy-momenta of the EM field Q^ u and the £-th charge T e>JjU with their 
canonical expression and observe that 

T ^u = f tilv _ _j^ A v Q ^ = @^ + _ F wq 14". (11.5.45) 

c 4?r 7 

It remains to verify that the difference between the total energy-momentum and its canonical 
value is a 4-divergence. Indeed it follows from (I11.5.45P that 

£ (t^ u - f^A + (o^ - e"") = (n.5.46) 

i 

= —F^d^A u - V - j'M" = 

47T 7 ^ C 

i 

4tt 7 c 7 4tt 

where P 7 " = — -F^A". 

4tt 

Using the arguments of the subsections 111.5.21 we also find that the relations (I11.5.29P and 
flll.5.30p hold here, namely 

d^ u = -- J^F"", where J M = ^ jj, (11.5.47) 

i 

d^ v = -J^F"", (11.5.48) 

where once again we recognize in the right-hand sides of equalities f lll.5.47p -f lll.5.48"]) the 
relevant Lorentz force densities. Consequently, as expected the energy conservation low for 
the total system takes the familiar form 

d^w = + = °- (11.5.49) 



The equations 5. ^ - {11.5.^9^ reconfirm that our assignment \11.5.^ - \11.5.^J^ of energy 



momenta to the EM field and individual charges is physically sound. 

We would like to notice now that even if a Lagrangian of the form (lll.5.5l) - (lll.5.6p is not 
invariant with respect the entire Lorentz group of transformations it often satisfies a reduced 
version of the symmetry condition fl 1 1 . 5 . 9 j) which holds for the space indices only, namely 

f)Ti f)Tl f)Tl f)Tl 

THT^ + 4jS^ = + 1^*, i,j = 1,2,3. (11.5.50) 

d^l dip 1 :* d^* 

Under the reduced symmetry condition (111. 5. 501) the space part of the energy-momenta T^, 
known as the stress tensor, is symmetric, namely 

T aj = T ^ = 1;2; 3. (11.5.51) 

We remind that the symmetry of the stress tensor is a very important property equivalent 
to the space angular momentum conservation, see Section 111.21 and, for instance, [Mollert 
Section 6.1, 6.2]. 
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11.6 A single free charge 

A single free charge interacting with the EM field is evidently a particular case of considered 
above system of many charges in Section 111.51 and the Lagrangian ( 111.5.51) takes the form 



C = L (ip^.^tb*,^*) 



16n 



[11.6.1) 



where ip and ip* u are the covariant derivatives with respect to the covariant differential 



operators <9 M and <9 M * defined by 

= d»ib, ib* = jr*ib*, d" = d^ + —A", = 8^- —A 1 *. (11.6.2) 

The Lagrangian is assumed to be Lorentz and gauge invariant with respect to the gauge 
transformations of the first and the second type (lll.5.7l) - (lll.5.8p . The field equations are 



dL c 
dip.. 



°' w~ d " 



0. 



4tt 



C 

where J M is the four- vector micro-current related to the charge is defined by 



. q ( dL dL # 

X \oip. v dip. v 



(11.6.3) 
(11.6.4) 

(11.6.5) 



or, since J u = (cp, J), 



P = -i- 



q ( dL dL 



X \dib. dip* 
.q fdL dL \ . 

which satisfy the charge conservation/continuity equations 

d u J u = 0, or d t p + V • J = 0, J u = (cp, J) 



[11.6.6) 



[11.6.7) 



The energy-momentum of the charge and the EM field according to the formulas (111. 5. 24ft - 
(111.5.251) are respectively as follows 



rpfiv 



IN 5 " + ^r* - in*, 



[11.6.8) 
[11.6.9) 



and the energy conservation equations ( lll.5.29p - (jll.5.30p turn here into 



[11.6.10) 
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11.7 A single charge in an external electromagnetic field 

Here we consider a single dressed charge in an external EM field. The very presence of 
external forces turns the dressed charge into an open system and that brings up subtleties 
in the set up of gauge invariant expressions for the energy-momentum tensor. One can find 
signs of those subtleties already in a simple case of a point charge in an external EM. Indeed 
for the point charge model the canonical momentum and force are not gauge invariant as 
discussed briefly in Section 111.11 The principle source of the problems lies in the openness of 
the system with consequent uncertainty of the energy and the momentum as system changes 
under action of external forces. That can be seen, in particular, based on the relativity 
grounds, |Mollert Section 7.1, 7.2], when seemingly well defined 4-momenta for a number 
of open systems do not transform as 4-vectors, that, in general, can be taken as a proof of 
openness of a system. 

Coming back to our case we want, first of all, to define a Lagrangian for a dressed charge 
in EM field based on (i) our studies in Section 111.51 of a closed system of many dressed 
charges and (ii) the Lagrangian of a singe free charge considered in Section 111.61 We do that 
by altering the EM potential in the expressions (jll.2.ip - (jll.2.3p for the Lagrangian of 
the free single dressed charge with = + A^ x , where A£ x is the 4-potential of an the 
external EM field. Namely, we set 

L = Lo(^,^,^,^)-^^, F» v = d»A v -d v A\ (11.7.1) 

where ip.^ and if)* are the covariant derivatives with respect to the covariant differential 
operators and <9 M * defined by 

^ = <9^, V; M = 9"V, ( n - 7 - 2 ) 

d^ = d^ + —A^, = —A", A" = A^ + A^. 

Xc xc 

To justify the expressions (jll.7.ip - (111.7.2p for the Lagrangian let us look at a closed system 
of many charges studied in Section 111.51 We find there, in particular, that every individual 
charge with an index I has a conserved current J £u and the total current is J M = J lv . 

Hence, based on the linearity of Maxwell equation flll.5.13[) we can introduce individual EM 
potentials A lfl and the corresponding EM fields F e ^ u as the causal solutions to the following 
Maxwell equations 

Air 

= (11.7.3) 

implying 

A" = J2 FilV = Fl>1V - (11.7.4) 

i i 

Notice that every individual charge satisfies its field equation fl 1 1 . 5 . 1 2 [) with the EM field 
entering it via the potential A^ in the covariant derivatives flll.5.3ip . and we can always 
represent it as 

A^ = A 1 " + A e £, A e £ = (11.7.5) 

This representation indicates that we can account for the interaction of the £-th charge with 
remaining charges via an external field as in ( I11.7.5P justifying the expressions (jll.7.ip - 
(111. 7. 2p for the Lagrangian L . 
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The Lagrangian (1 1 1 . 7. 1 j) - fll 1 . 7.2[) is assumed to be invariant with respect to the first and 
the second type gauge transformations (lll.5.7p . (111. 5. 81) . which in this case take the form 



ip — > e 1,y ip e } ip* — > e 1J ip*, where 7 is any real constant, 



(11.7.6) 
(11.7.7) 



Similarly to the case of many charges we also assume the charge Lagrangian L to satisfy the 
following symmetry condition 



9Lo v dL 



dip 



dip". 



dL 



ip'» + 



9L ^ 



dip* 



ip h 



'11.7.8) 



As in already considered case of many charges there is a simple sufficient condition for the 
symmetry condition (I11.7.8P to hold. It is when the Lagrangians L depends on the field 
covariant derivatives only through the combination ip '^tp * in other words if there exist such 
functions K (ip,ip* ,b) that 



l (ip,ipi,r,^;)=K(ip,ip*,ip^ip* fl ). 

The field equations for the Lagrangian L defined by (lll.7.1l) - (lll.7.2l) are 



d_L,_~ 

dip " 



d,F^ 



dL 







dip. 



A'- 

4tt 



n dL » 3 



dip 



0. 



;n.7.9) 
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11.7.11) 



where J M is the four-vector current related to the charge is defined by manifestly gauge 
invariant expression 

q ( dL dL N 



J" = -i- 



or, since J u = (cp, J), the 



p = -1- 



X \dip ;i 
q ( dL 



X \9^P;0 ^0*0 



11.7.12) 



11.7.13) 



.q ( dL 8L \ . 

X \dip ;j dip. d J 

which satisfy the charge conservation/continuity equations 

d u J u = 0, or d t p + V • J = 0, J v = (cp, J) 



11.7.14) 



Notice as in the case of many charges the relations (jll.7.ip - (jll.7.2p imply the following 
alternative representation for the four-current J u defined by (111.7.121) 



. q ( dL 



-1— 



X \dip. 



iP 



dL 



dip* 



11.7.15) 



dLc 
'dA,. 



dL 
dA v 



, dL 

dApv^ 
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Now we would like to construct gauge invariant energy-momentum tensors for the single 
charge and its EM field. For that we start with their canonical expressions ( 111. 5. 4p -( lll. 4.18ft 
obtained via Noether's theorem 

T " U = 7TT^ + 7T^^* ~ 3" U L , (11.7.16) 

= _ ? a a 7 ^^J^ (11.7.17) 
4tt y 16tt k j 

The conservation law for the total energy-momentum tensor + in view of the general 
conservation law fl 1 1 . 2 . 6 j) and the current representation fl 1 1 . 7. 1 5|) take the form 

d (fr + = _£^° = -^STA^ = -J^A^. (11.7.18) 

Observe now that the both canonical expressions (111.7.16)) . (111.7.1 7)) as well as the density 
of the generalized force ^J' l d u A liex in (111.7.18)) are evidently not gauge invariant, and this 
is very similar to what we already observed for the point charge model in Section 111.11 We 
recall that there is a general way to alter the canonical energy-momentum tensor as in the 
relation ( 111.2.81) . namely 

T^ v + = TV + e"" - d 1 f^ v , f^ u = -fw. (11.7.19) 

But any such alteration alone can not be satisfactory since by its very construction it would 
keep unchanged the not gauge invariant density of generalized force ^J^d v A^ in the right- 
hand side of (II 1. 7. 18[) . Therefore, a more profound alteration of the energy- momenta is 
required that would change the expression for the force density in the right-hand side of 
(1 1 1 . 7 . 1 8 j) so that it becomes gauge invariant. More than that we expect it to produce exactly 
the density of the Lorentz force associated with the external EM potential A£ x . 

The results of Section 111.5.11 suggest a satisfactory choice for gauge invariant energy- 
momentum tensors and it is as in formulas (II 1.5. 19)) - (jl 1 .5.20)) . namely we set 

T " U = TTT^ + TT^^* ~ ( n - 7 - 20 ) 



6^ = ± (g^F^F*" + ^F^F^j . (11.7.21) 



Observe that the EM energy-momentum Qv is also manifestly symmetric and the charge 
energy-momentum T^ v is symmetric if the the symmetry condition (111.7.8)) is satisfied. The 
energy-momenta conservation laws here take the form 

d,e^ = a J_ (g^F l6 F^ + -qVF^fA = -~J„F^, (11.7.22) 
47T \ 4 J c 

dfjTV = -JpF"", F v ^ = d»A v - d v A". (11.7.23) 

Indeed as in the case of derivation of the similar formula (111.5.30)) we observe that the T^ 
defined by (11 1.7.20)) has an expression for which the identities (lll.5.36j) and (II 1.5.37j) can be 
applied. Now we literally repeat the calculation ( 111.5.38)) . Namely applying the mentioned 
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identities to d^T^ and using the field equations (I11.7.10P together with identities fll 1 .5.34|) 
and the representation (I11.5.17P for the current J u we obtain 



dT dT v 

d„T» u = d„ [ ^d v ip + — ° r d* v ip* ) - d u L 



dip 



dL 



dip* 



[11.7.24) 



+ 



d„ 



d* , 

" \dip 



d u ip 



° L 5J»iP+ 



dip*. 



dT 

+ ir7T~ d*d v *ip*— 



9 ^ n 5iv I i 9 ^0 Of o / i ^0 ™* , * . 9L ~ ~ 

9 $ + ~KJT 9 9 ^ + Ti^* 9 ^ + ^ r ' 9 ^ 



dip. 

8L dL 



&P:u dip' 



Ij ■ = - J F v », 
c c 



implying the desired relation (111.7.2311 . 

Now adding up the equalities f ll 1 . 7.22|) and (111. 7.23ft we get the conservation law for the 
total energy-momentum T^ u = + 0**", i.e. 



dpT" = d, {TT + ®n = ~J^, = - d v A^. 



[11.7.25) 



Notice as we expected we have the density of the Lorentz force -J V F%£ in the right-hand side 
of the conservation laws (I11.7.25P and (lll.7.23p . 

11.8 Energy partition for static and time harmonic fields 

Let us consider the Lagrangian of the form 

where {V 9 } are real-valued quantities. The corresponding Euler-Lagrange field equations are 



a£ -a.(-^i=o, 



dip 



dip 



(11.8.2) 



dC n / 3C , 

- d„ —r- = 0, 



dip 



dC 
W~ 9 



-a.i|§> = o. 



Static regime is characterized as one when the fields {ip £ }, {?p e *} and {V 9 } are time indepen- 
dent and hence depend only on the space variable, and we will use the following abbreviated 
notation for it 

stat = d t ip e = 0, d t ip e * = 0, d t V 9 = 0. (11.8.3) 



Then using the canonical energy-momentum T^ u as defined by (111.5.31) we readily obtain the 
following formulas for the total energy £ stat of static field 



£ stat = f Udx, where W= f 00 {{ip e ,iP^,ip e * ,iP%V 9 ,V 9 ^) 

JR3 



stat 



11.8.4) 
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The energy £ sta t in a static regime can be identified with a potential energy. Notice that 
in view of the formula (I11.5.3P for the canonical energy-momentum the corresponding 



energy density T 1 



•oo 



stat 



is represented by 



U= T 



00 



stat 



-£({^,^,^,^;,^,^})| stat . (11.8.5) 
Consequently, we have the following representation for the potential energy £ stat 

^stat =(-£ ({^,^,^*,^,^,^})| stat dx. (11.8.6) 



which we use to establish the following variational principle. Based (111.8.51) we can conclude 
that a static solution {■?//, ip*, V 9 } to the Euler-Lagrange field equations (111.8.21) evidently 
transforms into a solution to the equation 

9U. o ( dU \ n dU ^ _ / dU \ n a «s 

— j ~ > 9 X . — T = 0, — j- - > d x \ — j- = 0, (11.8.7) 

dva 3 hf Xj \ dv ") 

and, hence, in view of the representation f 1 1 1 . 8 . 6 j) it is a stationary point of the static energy 
functional £ stat in the complete agreement with the principle of virtual work for the state of 
equilibrium, [Lanczos VPMl Section III.l], [SommerfekTMl Section II.8]. 

Let us expand now the potential energy density U defined by (111. 8. 5ft into the series with 
respect to the derivatives , V^ £ *, W 9 , namely 

oo 

U = J2u (n) , where (11.8.8) 

n=0 

Y^rii+n* l +n g =n t,g 

This expansion via the representation (I11.8.6P for the potential energy £ stat readily implies 
the the corresponding expansion for £ s tat- 

oo „ 

^stat = E^al where £<& = / dx. (11.8.9) 

Now being given a static solution ip e *, V 9 } we use its established above property to be a 
stationary point of the functional £ s t a t as defined by formula fl 1 1 . 8 . 6 j) and (jll.8.9p . Namely, 
we introduce the following family of fields 

ii>\ (x) = ^ {&) , ri (x) = r l {&) , (n.8.10) 

Vf (x) = V 9 (£x) where £ is real, 
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and observe that since {ip e ,ip e *, V 9 } is a stationary point of the functional £ s t a t we have 

(11.8.11) 



(Hv? ,v°, vv& wf, w/}) = £r- 8 $ (B) 



stat 

5=1 n =0 



«=1 

oo 

= £ (n - 3) V", V^, W«}) = 

n=0 

In other words, for a static solution its energy components £^ t always satisfy the identity 

oo 

X (n-3)£M=0. (11.8.12) 

n=0 

Very often the density U of the potential energy depends on the field derivatives so that 

U jS*, V 9 } V^, W**, W ff }) = (11.8.13) 

where satisfies the following identity for any real 9 

u {2) ip e *, v 9 , evip e , evy*, evv 9 }) = (11.8.14) 

In this case the identity f II 1 . 8 . 1 2 j) turns into the following important identity for the two 
constituting components £ s ^t and £^ t of the total potential energy £ stat : 

^stat = Sstlt + ^itat, 42t = -^i2t implying £ stat = -£® t . (11.8.15) 

The significance of the above identity for our goals is that in the cases of interest the energy 
component £^l t accounts for the energy of nonlinear self-interactions and the formula £ s tat = 
|fftat shows the total energy has a representation that does not depend explicitly on the 
nonlinear self-interactions. This is one among other properties allowing us to characterize 
the introduced nonlinear self -interactions as stealthy. 

The identity f ll 1.8. 15|) for a single field is known as the Pokhozhaev-Derrick identity, 
|Pokhozhaev] . [Derrick] (see also |Kapitanskii| and |Coleman~Tj Section 2.4]). It was often 
used to prove the nonexistence of nonzero solutions to the corresponding field equations in 
situations when a priory the both energies £^l t and £^ t are nonnegative and vanish for the 
zero field. Indeed if the nonnegativity of the energy components is combined with the identity 
(I11.8.15P the both energies an d ^itat mus t vanish implying that the field must vanish as 
well. 

11.8.1 Time-harmonic fields 

The above statements for static fields can be generalized for the case when complex valued 
fields ip l are time harmonic, namely when 

^ = e -^V, ^* = e iw V*, (11.8.16) 
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where ip and ip are static, i.e. time independent. We provide such a generalization for the 
Lagrangian of the form (111.5.5[) -f lll.5.6|) describing many charges coupled with the EM field 
F» v , i.e. 

TPt JiU TP 

i 

with an additional assumption on the charge Lagrangians L l to be of the form 

L l rf>, rfa) = & (V>V, ti> t;fl ) > (H-8.18) 

where K (a, b) is a function of real variables a and b. In the case of interest represented by 
the Lagrangian (1 1 1 .8. 17[) - (ll 1 .8. 18j) we add to the assumption flll.8.16[) an assumption that 
the EM field is static namely 

fyy = 0, A = 0. (11.8.19) 

Treating the equalities f 1 1 1 . 8 . 1 (j j) as variables change let us recast the charges Lagrangians 
in the new variable ip and ip . Notice first that 

ti*ip e = (11.8.20) 



Then using ( lll.l.ip . (I11.1.2p and ( 111.1.50 and (lll.4.3|) we obtain 

tio = flJV* = (~ + i- - ^r) t = ^ (do + i--^) V", (H-8.21) 



c c xc J \ c xc 

\c c xc J V c xc J 

v# = fljy = j" h (di - ^) ^ 3 = = c- iuiH (& + ^) tf. 

Observe that in the case when there is just a single charge the expressions (lll.8.2ip show 
that the time derivatives ip £ Q and ip e ''° are modified so as the potential <p is added a constant, 
namely 

<p-Kp-—. (11.8.22) 
Q 

Substituting (I11.8.20P and (1 1 1 . 8 . 2 1|) into the Lagrangian L l we get the Lagrangian which 
denote L w£ as a function of the variables ip and ip and we obtain 

Ll = K* V, ti*^) > where = (ll- 8 - 23 ) 

I —]ip + — )ip- 11.8.24 

c c xc/ \ c c Xc J 

/ i</A \ ~£* i</A\ r£ 

V. Xc / V Xc / 

We can apply now to the Lagrangian flll.8.17p . flll.8.24p as a function of the fields ip , ip 
and A 1 the obtained above results for the static fields taking into account also the assumption 
fill. 8. 191) for the EM field to static. In this case the static regime is characterized by the time 
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~ I ~ ( if 

independence of the charge fields ijj , ip and the assumption (111.8. 19[) on the potential 1 M 
and these conditions which are abbreviated by the symbol stat: 

stat = d t ip = 0, d t ^j = 0, d t <p = 0, A = 0, = fa, A) . (11.8.25) 
Hence the Lagrangian of interest now is 



ij,i> 



167T 



11.8.26) 



Now applying the formula (111.8.51) to the Lagrangian C u , as defined by (|11.8.26p . (111.8. 18j) . 
flll.8.23p - flll.8.24p . and the formula f lll.4.17p for the Lagrangian of EM field we obtain the 
following expression for the energy density W wstat of the system of charges and EM field: 



U 



w stat 



r 



00 



in 



11.8.27) 



c xc ' 



Let us take now the function K e (a, b) to be of a more special form 

K l (a, b) = k l 2 (a) b + k$ (a) , implying 

Li = (V> V, ^) = ki (^V) ^ + ki (^V) 



11.8.28) 
11.8.29) 



Notice that the term k$ (a) in the cases of interest contains the nonlinear self-interaction. In 
the special case (I11.8.28P the expression (I11.8.27P for the total energy density of the charges 
and the EM field takes the form 



4, s tat = Zi?iL + ^tat) wnere 



stat 



(V<p) s 



57T 



ki {i/> v j vv> • w , 



u 



(0) 



E 



The corresponding expression for the total energy is 



£wstat — £(istat + ^-wstat) where 



'(0) 



(2) 



u> stat 



(v^) s 



57T 



E» / ~ e* ~ e\ ~£* ~ t 



dx, 



'(0) 



'a) stat 



E 



1 ,.~e*~e\/ur q- \ ~e*~e f /~e*~e 



11.8.30) 



(11.8.31) 
(11.8.32) 

dx. (11.8.33) 



Applying now the formula f 1 1 1 . 8 . 1 5 j) we get 

,(0) 



C'u) stat g stat • 



11.8.34) 
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implying the following representation for the total system energy 



S, 



- ^ c(2) Z 
,:: stat g i-'u) stat g 



dx. 



11.8.35) 



In the case of a single charge the above formula turns into 

\2 



2 c(2) 



slat ~ g'-'ojstat 2 



57T 



dx. 



11.8.36) 



We want to emphasize once more the importance of the representation ( 11 1 .8.35[) in comparison 
with the original formula ( 11 1.8.31j) -( ]11.8.33l) . which shows that the total energy of the system 
of charges interacting with EM field does not explicitly depend on the terms k$ which 
include the nonlinear self-interactions. 

We would like to point out now that so far we carried computation for the energy compu- 
tation for the Lagrangian C u , as defined by (111.8.260 . (111.8. 18j) . f lll.8.23p - (lll.8.24p . But, in 
fact, what we really need is the energy for fields of the form ( 1 1 1 . 8 . 1 6 j) under static conditions 
( I11.8.25P for the initial Lagrangian £ as defined ( 11 1 .8. lTj) - (II 1 .8. 18p . In turns out, as one may 
expect, the difference between the two is just the sum of the rest energies. Indeed, using once 
more the formula (1 1 1 . 5 . 3 [) for the canonical energy T 00 under static conditions ( II 1.8.25[) . the 
formulas ( 1 1 1 . 8 . 5 j) . ( II 1 .8. 2T[) together with the formulas (jll.5.14p . (13.0. 10[) for microcharge 
density p l we obtain 



E 



dC ( . u l ~ A dC ( ' . u l ~ e* 



11.8.37) 



-i— 1/> + 



dijj 



i—^T ) -£(e" iaJ V, e^V% 



E.u l ( dC ~i dC ~e* i 



stat 



/ — —p ~T Mo; s tat 



Q 



E 



m c 



9 



lu stat 



Now integrating the above density over the entire space and using the micro-charge normal- 
ization condition ( I2.0.18P obtain 



w stat • 



11.8.38) 



For the special case (I11.8.28P combining the last formula with formulas (1 1 1 . 8 . 3 5 [) . (1 1 1 . 8 . 3 6 [) 
we obtain the following important formulas for respectively many charges and a single charge 



11.8.39) 



8tt 



dx 
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mc 2 + 



8^ 



2 



11.8.40) 



da;. 



The formulas fill .8.391) and (111.8.401) give important representation for the energy of time 
harmonic fields which does not explicitly involve the nonlinear self-interactions. 



11.9 Compressional waves in nonviscous compressible fluid 

In this section following to [Morse Feshbach f| Section 3.3] and |Morse Ingard[ Section 6.2] we 
consider here compressional waves in nonviscous and compressible fluid which are described 
by the pressure field p and velocity field v and governed by the following system of equations 



pd t v = - Vp, nd t p 



-Vv, c 2 = — 

p/t 



;n.9.i) 



where p and k are respectively uniform constant mass density and compressibility (adiabatic) 
of the fluid at equilibrium and c is the velocity of wave propagation. We also have 



-pv • v is the kinetic energy and ^ K P 2 is th e potential energy 

Then we if introduce the velocity potential ip so that 

p = pd t ip, v = -VV>, 
it immediately follows from f lll.jj.3j) that ip satisfies the classical wave equation 

\d*tl> - v 2 v> = o. 

The compressional waves have the following Lagrangian density 



T 1 1 2 

L = -pv ■ v np 

2 2 



2 P 



- (dtipf - 



and the following canonical energy-momentum tensor 



rpfll/ 



T 00 pd il>diip pd ipd 2 ijj pd ifjd s ift 

pdiipd ip T 11 —pdiipd 2 ip — pdiijjd 3 ijj 

pd 2 ^d ip -pd 2 ^pd 1 ip T 22 -pd 2 i(jd 3 ip 

pd 3 ipd i> — pd 3 ipdiijj —pd^d 2 i\) T 33 



d = ~d t 



T 00 = P - [(doij) 2 + (W) 2 ] , T" = fL [ W ) 2 - 2 {d^f - {d^f] . 

11.10 Klein-Gordon equation and Yukawa potential 

Klein-Gordon equation is well known model for a free charge, |Pauli PWMj Section 18]. In 
particular, its certain modification describes a charge interacting with an external EM field, 
[Schwabl[ Section 8.1]. Here we follow to [M artin} Section 1.5.2]. If the spin is neglected a 



P 



11.9.2) 



(11.9.3) 



;il.9.4) 



;il.9.5) 



11.9.6) 
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freely propagating particle X of the rest mass mj is described by a complex-valued wave 
function tp (r) satisfying the Klein- Gordon equation 



This equation is obtained from the fundamental relativistic mass-energy relation 

E 2 

— = p 2 + m x c 2 , (11.10.2) 
c z 

where E is the particle energy, p is the three-dimensional space momentum, by the substi- 
tution E = hdt and p = —hV r . A static solution V to the Klein-Gordon equation (jll.10.ip 
with a 5-function source, i.e. 

{-A + v 2 }V = -g 2 5(x), (11.10.3) 

is called the Yukawa potential 

n|x|) = -f^^ = -(^-A)-y5(x), /i = ^, ■ (H-10.4) 

The quantity ^T 1 = — is called the range of the potential V, is and it is also known as the 
Compton wavelength of the relativistic particle of the mass mx- The constant g is a so-called 
coupling constant representing the basic strength of the interaction. 

There is an interpretation of Klein-Gordon equation as a flexible string with additional 
stiffness forces provided by the medium surrounding it. Namely, if the string is embedded in 
a thin sheet of rubber or if it is along the axis of a cylinder of rubber whose outside surface 
kept fixed, [Morse Feshbach f| Section 2.1]. 



11.11 Schrodinger Equation 

The Schrodinger equation with the potential V is 

h 2 

ma t i/> = v 2 ip + vip. (n.ii.i) 

2m 

It is the Euler-Lagrange field equation (together with its conjugate) for the following La- 
grangian, [Morse Feshbach H (3.3.20)] 

h h 2 
L = i- {ip*d t i) - dtifi*i/f) - t^VtA* • - iffVif). (11.11.2) 

The stress-tensor here 

bt Br 

T " U = TH-^" + l^r^' V - (11.11.3) 
implying the following formula for the energy density 

h 2 

H = T 00 = Vib* -Vib + ^Vib. (11.11.4) 

2m 
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The energy flow vector S, the momentum density vector P and the current density vector J 
for the Schrodinger equation f lll.ll.lj) are respectively, [Morse Feshbach lj (3.3.25), (3.3.26)], 

s = ~ [o t r ■ w + d t tp ■ wi , (ii.n.5) 

2m 

p = i- up* . w - ip • W>*1 , J = -— p, 

2 m 

with the equation of continuity d t H + V • S = 0. 

Quantum mechanical charged particle in an external EM field with the 4-potential N 1 = 
(ip, A) is described by the following Schrodinger equation, [Morse Feshbach lj (2.6.47)] 

hid t i) = — ( -V - -A ) • ( -V - -A ] i) + qtfnj) (11.11.6) 
2m V l c / V l c / 



or 

2m 2mc 



q 2 \A\' 

2mc 2 



il>, (11.11.7) 



with the charge density p = qipip* and the current J as follows, [Morse Feshbach Tl (2.6.46)] 

p = qipip*, J = i— U*Vip - V»W) . (11.11.8) 
2m 

The quantities p and J satisfy the continuity equation 

d t p + V-J = 0. (11.11.9) 

12 Appendix: Fourier transforms and Green functions 



A = A r + -A s = — + -— + —A a , xel 3 , r = |x| , (12.0.10) 



The polar coordinates representation of the Laplace operator in IR 3 , [Taylor 1[ (4.56)], is 

1 d 2 2d 1 

where A s is the Laplace operator on the unit sphere § 2 . We also have, |Taylor l| (5,53)- 
(5,59)], 

_ e — «]x| 

(k 2 -A) 5(x) = -,xel 3 ,K>fl. (12.0.11) 

v ' Air |x| 

Notice that the action of the operator A on radial functions g(r), i.e. functions depending 
on r — \x\, is reduced to the action of A r only for smooth functions, i.e. 

(r) = A r g (r) if g (r) is continuos and smooth for r > 0. (12.0.12) 

Indeed, in view of fll2.0.11j> 

1 1 
A r - = 0, whereas A- = -An5 (x) . (12.0.13) 



Let us consider the Fourier transform of radial functions following to |Taylor 1 Section 3.6]: 



/(k) = /(|k|)= (12.0.14) 

1 



/(rhUrlklK-Mr, = / e- kx d S . 



(27r) 2 ^0 J\x\=1 
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Then the following identity holds 

/ (k) = 0^ 2 / (r) sin (r |k|) dr. (12.0.15) 

Let w (x), x G R 3 be a real function satisfying 

< w (x) < Woo < oo. (12.0.16) 

Then the Green function G (x, y) = (—A + w^ 1 (x, y) defined as a fundamental solution to 
the equation 

(-A + W )G(x,y) = 5(x-y), (12.0.17) 
satisfies the following inequalities 



4:71 |x — y| 



< (-A + w^y 1 (x, y) < (-A + w)- 1 (x, y) < (12.0.18) 



^(-A)- 1 ^) 



An |x — y| ' 



which follow from the Feynman-Kac formula for the heat kernel, [Oksendall Section 8.2] , 
applied to the operator —A + w. 
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